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Information

® Combinatorics = “counting”

® Warning: counting is hard

the hardest area in mathematics
it is universal, important for computer science

® Study: slide + madbook + reading + video

self learning

Discrete Mathematics and Its Applications

by Kenneth Rosen, enough for this

Concrete mathematics: a foundation for computer science
by Graham, Knuth & Patashnik, classic

by Bogart, free book

Schaum's Outline of Combinatorics

for more practice problems

Counting: The art of enumerative combinatorics

by Martin, nice

Enumerative Combinatorics Volume 1

by Richard Stanley, advanced

102 Combinatorial Problems From the Training of USA IMO Team
A on advanced books

if plan to do a PhD

Prerequisite: Set theory (I assume you know)

X := {z|set description} set
universal set U and empty set @  largest/smallest sets
reX,z ¢ X membership
X ={x|z ¢ X} complement
|1 X|=#{z|z € X} cardinality

® X is finite if | X| < +o0 finite set
XUY ={z|lzr€e XORz€eY} union
XnY ={z|lr€e XANDz €Y} intersection
X\Y:={z|lze XANDz ¢ Y} complement
X xY :={(z,y)|]z € X AND y € Y} Cartesian prod.
X,Y disjoint iff XNY = @

* [ XUY|=|X[+]Y]
N,Z,R natural number, integer, reals

Function: inject, surject, biject
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https://bogart.openmathbooks.org/ctgd/ctgd.html
https://math.stackexchange.com/questions/1454339/undergrad-level-combinatorics-texts-easier-than-stanleys-enumerative-combinator
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Inclusion-exclusion principle ‘|XUY| =|X|+|Y| < X,Y disjoint

® Two sets: |[AUB| =
Proof

Al +|B| - [AN B|

JAUB| = |AU(B\A) LA+ B\ A ()

(%) — (1) gives

|B| (B\A)UBNA)| “E" |B\A+[BnA| (1)

® Threesets: [AUBUC| = |A|+|B|+|C|—|ANB|—|ANnC|—|BNC|+|ANnBNC|.
Proof: recursion (use the previous case)

[AUBUC|=]AU(B

uC)| =1|Al+|BUC|—=|AN(BUC)|=|A|+|B|+|C|—|BNnC|—=]AN(BUC)|.

By distributive property XN (Y U Z) = (X NY)U (X NZ)

|[AUBUC|

where [ANBNANC]|

= |A|+|B|+|C]—|BNC|—|(ANB)U((ANQO)|

Al + 1B +|c| - 1B Cl - | = l(anB)nAn0o)]

|A|+|B|+|C| = |BNC|—=|ANB|—|ANC|+|[ANBNC|,

idem potent

CommUtatlve|AﬂAﬂBmC‘ |AﬁBﬂC|
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Inclusion-exclusion principle of four sets
|AuB| = |Al+|B|-|ANB| 1)
JAUBUC| = |A|+|B|+|C|—|ANB|—-|ANC|—|BNC|+|ANBNC| )

® Proof: recursion (use the previous cases)
|[AUBUCUD| = |[AU(BUCUD)|

—~
-

|[A|+|BUCUD|—-|AN(BUCUD)|
2

—~

[Al+|B|+|C|+|D|—|BNnC|—|BnD|—|CND|+|BNCND|—|An(BUCUD)|
AN (BUCUD)| %tve 1 AqBYU(ANC)U (AN D)
+ANB|—|(ANB)N(ANC)]

= +HANC|=|[(ANB)N(AND)|+ |(ANB)N(ANC)N(AND)|
+/AND|-|(ANC)N (AN D)|

—~

Thus
[AUBUCUD| = +|A] —-]AnB| +|AnBNC| —-|ANnBNCND|
+|B| —|ANnC| +|AnBnND|
+/C| —|AnD| +]AnCn D]
+|D| —|BNC| +|BNnCnND|
—|BnN D|
—|C N D|

® Key idea: recursion (use the previous cases to solve the current case)
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A pattern

0set |&] = 0. - | 1-iet 2-set  3-set  4-set
1set |A| = |A] |AU B| 2 1
|[AUBUC| 3 3 1

2sets [ AUB| = |A|+ |B| - |AnNBJ|. JAUBUC U D| 2 6 2 1
3 sets
[AUBUC| = |A|+|B|+|C|—|ANB|—|ANC|—|BNC|+|ANBNC]|.
4 sets
[AUBUCUD|= +|A| —|A N B +lAnBNC| —|ANnBNCnND|

+|B| —|AncC| +|AnBnD|

+|C| —|AnD| +4+]|AnCnD|

+|D| —|BncC| +|BnCcnD|

—|Bn D|
—lcn D]
Multiplying polynomial ‘ power-1 power-2 power-3 power-4
T
Consider (1 4+ )2 = 12° + 22! 4 122 coefficients {1, 2,1} El+z;2 1
1+ 2 1
Consider (1 4+ )3 = 1z2° + 32! 4 322 + 123 coefficients {1,3,3,1} (14 )3 3 3 1
E 4

Consider (1 +2)* = 120 + 42! + 622 + 423 + 1% coefficients {1, 4, 6,4, 1} (1+ ) 4 6 4 1

® Later we will see that these are binomial coefficients.

® We can count things using the coefficients of polynomials (they have a bijection)
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What's the big deal of inclusion-exclusion principle? Not in exam

® Theorem (Generalized inclusion-exclusion principle) For any finite sequence A1, ..., A, of n > 2 subsets

of a finite set X, we have
UA"' — Z (_1)\1\71 nAi
k=1

IC{1,...,n} iel
I#2

® Application 1: The number of surjections, Sy, between a n-set A and a p-set B, where n > p, is

Snp =p" — (117)(29—1)”+ <§>(p—2)"+~~+(—1)‘°‘1<pf1).

® Application 2: chromatic polynomial in graph coloring problem

Application 3: Stirling numbers of the second kind

® Application 4: counting derangement
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Counting by enumeration

® Enumeration = list all possible outcomes

e E.g. how many ways to form a length-1 string from alphabet {1,2,3,4,5,5,6,7}7
S = {1,2,3,4,5,5,6,7} = |S|=T.
e E.g. how many ways to form a length-3 string from alphabet {0,1}7?

S = {000,001,010,100,011,101,110,111} = |S| =8.

e E.g. how many ways to form a length-3 string from alphabet {A, B, C}?
S = {AAA AAB,ABA,BAA, AAC, ACA,CAA, ABC, BAC, oh no ...}

we need a better way to do this.
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Tree & multiplication

AAA
AA? == AAB
AAC
ABA
A?? — AB? = ABB
\ ABC
ACA
AC? = ACB
AcCC

BA
BA? — BAB

77

B?? — BB? — BBB
\ BBC
BCA

BC? — BCB

BCC

CAA

CA? == CAB

cAC

CBA

C?? — CB? — CBB
\ CBC
ccA

CC? = CCB

cec

® Tree = acyclic connected graph

(details in graph theory)

® You are CS student, think in a CS way: whenever you count, imagine a

tree in your brain!

o |S|=27=3-3-3

® 3 corresponds to 3 branches
® multiplication - corresponds to moving to the next layer.

® 3 corresponds to we have 3 layer

® Generalize: there are n* length-k string in a n-set.

e E.g. how many ways to form a length-4 string from alphabet

{1,2,3,4,5,5,6,7}7

|S| = 7* = 2401.

Before using tree-thinking, you may not even know how to solve this question!
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Product rule: application of Cartesian product

[x _JAX,BX, CX}
P={4,B,C)} Q-{y} PxQ= {AY,BY,CY
————r ~ —_——
choose one of these AND one of these = choose one of these.

® P x Q = the Cartesian product of P, Q
* [PxQ[=|P|-|Q

® E.g. A daily diet consists of a breakfast selected from B, a lunch from L, a dinner from D:

B = {pancakes, bacon and eggs, bagel}
L = {burger and fries, salad, macaroni, pizza}
D = {steak, pasta}

Then the set of all possible daily diets = B x L x D
o #possible diets = |B x L x D| """ |B| - |L|-|D|=3-4-2 =24
® By tree: a 3-branch x 4-branch x 2-branch tree with 24 edges
® By enumeration: list all the 24 choices
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Product rule, examples

e E.g. How many length-4 strings over the alphabet {0,1,...,9} do not begin with 07
® |et A; be the set of possible alphabet at the ith digit, then

product rule

# strings :‘A1><A2><A3><A4| = |A1|'|A2|~‘A3|-‘A4‘:9000
* |[A]=9( A1 ={1,2,...,9})
* |As| = |As] = [A4] =10
There are 9000 length-4 strings do not begin with 0. This is the #4-digit positive integers with no leading 0.

e E.g. How many length-2 strings over the alphabet {0, 1,...,9} do not have repeated digits?

o |A1 X A2|
(] |A1| =10
® |Az| =9 choices (1 less than than |A1| to avoid repetition)

e E.g. How many length-4 strings over the alphabet {0, 1,...,9} do not have repeated digits?
o |A1 x Ag X Az ><A4|:10~9‘8'7
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Sum rule, a special case of incl-excl principle |AU B| = |A| + |B| — |AN B|

® E.g. In cafe, you have soup xor salad. Menu: 2 soups, 4 salads. How many choices do you have?

incl-excl.

|soup U salad‘ ‘soup] + |sa|ad| — |soup N salad} = 2+4=6.

either soup or salad =0 "." not both

e Eg. A={1},B={2,3},C ={3,4}, whatis |[AUBUC|?
® Approach 1: use the inclusion-exclusion principle for 3 sets
[AuBuUC| ™= |A|+|B|+|C|-|ANB|-|ANC| - |BNC|+|AnBNC]|
= 1+2+4+2— || — || — {3} + |2
= 14242-0-0-140 =4
® Approach 2
lAuUBUC| = |[Au(BUC)| "= |A|+|BUC|-|AN (BUC)|
= 1+4[B[+[C|-[BNC|+]|2|
= 1+2+2—|{3}/+0
= 5—1 =4
® Approach 3: construct AUBUC.
This is the most expensive approach if the sets has many elements (you have to check one by one).
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Subtraction rule, complement and power set

® Subtraction rule: if A C S, then for complement A° := S\ A, we have

|A] = IS —|A]. (Subtraction rule)

e E.g. How many subsets of X = {1,2,3} contain at least 2 (including 2) elements?

® Let S C X that contains at least 2 (including 2) elements.
e Let P =2% be the power set (set of all possible subsets) of X

P = {0 (1}, {21 3}, (1,21, 42,3}, {1, 3}, {1,2,3}}
S = P\ s¢
= P\ {set containing 1 or 0 element}
= P\ (set containing 1 element U set containing O element)
1%}
P\({1} U {2} U {3} U {})
|S| subtraction rule

e Py — ({1} u{2b U {8} + 1{})
= 2 —(34+1) = 4

{

eﬂ
I
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Floor function: R — Z |z]| := max {m €Z|m< x}

Example
o [2]=2 —

o |24] =2
e [2.00000000001] = 2
* [2.99999999999| = 2 —*

o |-2] =2

e |—2.000000001] = —3 -3 -2 -1 1 2 3
o [—2.999999999| = —3
* [r]=3 I 9|
o |- =-4

°
Ceiling function [z] := min {m €Z|m> x}
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Example of Incl-excl principle in number theory: #divisible integers

e E.g. ' How many integers n for 1 < n < 2001 are divisible by 3 or 4 but not 5?
Ans: 801.

e E.g. N:={neN|n<20}. How many integers in N are divisible by either 2 or 37

Let A, B be the set of integers in IV that are divisible by 2 and by 3, respectively.

Al = 7] =10, |B]=[%] = [6.666] =6

AN B is the set of integers in N that are by 2 AND 3 (=6), and [ANB| = [2| = |3.333] =3
There are |[AUB| = |A| + |B| — |ANB| =10+ 6 — 3 = 13 integers in N that are by 2 or 3.

e E.g. How many integers n where 1 < n < 100 are NOT divisible by 2, 3, 57
® Let A, B,C be the set of n divisible by 2, by 3, by 5, respectively.
® Number of integers n divisible by at least one 2, 3, 5 is
[AUBUC| = |Al+|B|+|C]|—|AnNB|—]ANC|—|BNC|+|ANnBNC|

- [T+ 5 - el - sl - Les )+ e s
50+33+20—16-10—6+3 = 74

® By complement, the number of integers n NOT divisible by 2, 3, 5 is
{1,2,...,100}| — |JAU BUC| =100 — 74 = 26.

LAmerican Mathematics Competitions 2001 15/118



Product rule & sum rule: counting passwords

® E.g. A valid password is a sequence of between 6 and 8 symbols. The first symbol must be a letter (lowercase or
uppercase), the remaining symbols can be letters or digits. How many possible passwords?

® Define two sets, corresponding to valid symbols in the first and subsequent positions in the password.

S ={a,b,c,...,2,A,B,C,...,Z,0,1,...,9}

F ={a,b,c,...,2,A,B,C,..., Z},
® The Cartesian product set S2 := S x S is the set of length-2 strings {a8 | a € S,5 € S}
® Three possible cases of passwords: F x 8% length-6 password
F x S6 length-7 password
length-8 password

FxS7
sum rule (incl-excl principle)

The set of all possible passwords (F' x S%) U (F x S%) U (F x S7), with cardinality
= |F x S®|+ |F x S8 + |F x S7|
product rule

=|F|-|S|°+|F|-|S|°+|F|-|S|
=52-62°4+52-620 +52.627 = 1.8 x 1014

|(F x $5%) U (F x 8% U (F x 87
1

is ———— =5x 10715,
1.8 x 1014

You are 108 times more likely to be hit by thunder.

1.8 x 10'* passwords. The probability of “correct guess in one trial” is

® |f you have 6 chances to guess the password.
® The probability of all 6 guesses are wrong: (1 —5 x 10715)6
® The probability of at least one guess is correct is 1 — (1 — 5 x 10719)6 = 3 x 10~ 14
You are 107 times more likely to be hit by thunder.
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(Not in exam) We count things using integer, but actually what is integer?
Definition of N by Zermelo-Fraenkel Set Theory.
Notation by von Neumann.

Number Set
0 El
: 2]
2 ( {@,{2}} ’
3 ’{@,{@}, {@,{2}} }'

4 |{@,{@}, {2,{2}} ,{@, {2}, {@.{o}} }}|

Important: @ = {}, and A =@, B = {&} and C = {{@}} are different things.
[Al=0,|B] = [C| =1
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(Not in exam) There are two ‘kinds” of integer

® |f you need numbers to count “how many items do | have”, then you are using cardinal numbers.
® |f you need to make a list, or a enumeration, then you are using ordinal.

® Ordinal Numbers: Indicate position or order.

® Examples: 1st, 2nd, 3rd, etc.
® Used to describe the position of elements in a sequence.
e Example: In the list {apple, banana, cherry}, "banana” is the 2nd item.

® Cardinal Numbers: Indicate quantity or count.

® Examples: 1, 2, 3, etc.
® Used to describe the number of elements in a set.
® Example: There are 3 fruits in the list {apple, banana, cherry}.

® Ordinal and cardinal are NOT the same thing
19/118



Permutation
Under permutation, ordinal changes but cardinal stays the same

Original Permuted
T
a b C _— C a b
1 2 3 3 1 2

® There are three boxes <= the cardinal is 3 <= the cardinality is 3
® The 1,2,3 are label / position / index / address of the boxes

® The a,b,c are content of the box

® in fact we don't care about the content: you can replace a,b,c by names, people, books, etc
® therefore if we care about ordinal

® Under permutation 7, the ordinal changes but cardinal stays the same

° 1(1)=3
e 1(2)=3
e 1(3)=1

20/118



Make sure you understand this slide
® letset S=1{1,2,3}

® The cardinality of S, denoted by |S|, is 3

® One of the permutation of S is 7(S) = {3,1, 2}

® All the possible permutations of S is a set of set

{1,2,3}
{1,3,2}
{2,1,3}
{2,3,1}
{3,1,2}
{3,2,1}

we call this set the symmetric group of S, denoted as Sym(S) or Sym(3)

Sym(3) =

e Asking “how many permutation are there for S” is actually asking “ what is the cardinality of Sym(3)

® No worry we are not going to talk about abstract algebra
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Sym(4) 4123

1243 4— 2431

T

3124 —>4312

1234

*1432 —}214

3412

2413 < 4132

3241 —}1 32

21344_ 1342
43214— 3214

v ¢

4213—>3421

ﬂ/ \
1424—1423

314 —pd231

2341

Fancy figures in https://en.wikiversity.org/wiki/Symmetric_group_S4

No worry we are not going to talk about abstract algebra
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Permutation & factorial

e Def (Permutation)
A permutation (denoted by 7) is an ordered arrangement of a set of distinct objects.

e E.g. $=1{1,2,3,4,5} and a permutation 7(S) = {2,5,4, 3,1}
m(1)=5=put1ltob
m(3) =4 = put 3to 4

® Permutation is not unique: |[Sym(n)| # 1 unless n =1

® Theorem The number of permutations of a n-set of distinct objects is n(n —1)----2-1.
Proof. Tree / induction.

® E.g. How many permutations can be formed from the letters HAPY? 4.3-2-1=24
® Recursive definition of factorial

1 —
kKl = { k= 0 base case (factorial)

k(k—1)! k>0
Why 0! = 17 Google it yourself.

Not in exam
® Gamma function generalizes factorial. E.g., 2! = ‘—)‘
® We focus on finite combinatorics (numbers and sets are finite)
® Crazy things happen at infinity, e.g., ool =1-2-3-... = /27 , this is analytic continuation, like i = /—1. 23/118



Generalized permutation & division rule: permutation with non-distinct objects

® Def (Permutation)
A permutation is an ordered arrangement of a set of distinct objects.

® Def (Generalized permutation)
A Generalized permutation is an ordered arrangement of a set of non-distinct objects.

® E.g. How many permutations can be formed from the letters HAPPY?
® First, put subscript HAP1P2Y and treat it as 5 distinct letters.

® 5 distinct letters so 5! = 120 permutations.
® But P; and P2 are the same letter, we double-counted some of these 120 permutations. E.g.

HAP1P2Y, HAP2P1Y are both HAPPY
P1HAYP2, P2HAYP; are both PHAYP

So correct number of generalized permutations is o =60

® Theorem The number of permutations of a set of n elements, possibly non-distinct, is
n!
nilng! - n,.!

where n1,n2,...,n, are number of alike objects.

]
® |f all objects are distinct, ny =n2 =---=n, =1 and ———— reduces to n!.
nilng!---n,!

(Division rule)
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Example (1/3) Find the number of generalized permutations of (1,1,2,3,4)

® First assume the two 1's are distinct, so we have 5! ways to permute (14, 1s,2,3,4)
But in these 5! ways, we double-counted some cases:

(1,1,2,3,4) (e, 16,2,3,4)
T (b, 14, 2,3, 4)
(1,2,1,3,4) (la;2,15,3,4)
e (15,2 1q,3,4)

Every 2! of our 5! ways corresponds to one actual generalized permutation.
So the # of generalized permutations of (1,1,2,3,4) is

5!
2!
n!

e For — MM —
nilna! - n,!

® n =5 we have 5 things to permute
e r =1: 1 type of alike objects
® n; = 2: for type-1 objects, there are 2 of them
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Example (2/3) Find the number of generalized permutations of (1,1,1,2,3).
® First assume the three 1's are distinct, so we have 5! ways to permute (1q, 15, 1¢, 2, 3)
But in these 5! ways, we over-counted some cases:

la, 15, 1c,2,3)

la,1c,15,2,3)

1,14, 1c,2,3)

1p, 1c, 14,2, 3)

le,1ay 15,2, 3)
)

(
(
(1,1,1,2,3) E
(
(16, 16, 14,2,3

Every 3! = 6 of our initial 5! ways corresponds to one actual permutation.
So the # of permutations of (1,1,1,2,3) is
5!
3
® For ——MM—
nilna! -+ n,!
® n = 5: we have 5 things to permute
e r = 1: 1 type of alike objects

® n; = 3: for type-1 objects, there are 3 of them y
26 /118



Example (3/3) Find the number of generalized permutations of (1,1,1,2,2)

First assume the three 1's and the two 2's are distinct, so we have 5! ways to permute (14, 1s, 1c, 24, 25)
But in these 5! ways, we over-counted some cases:
(1a, 1p, e, 24,2
(1a, 1, 1o, 24,2
(1, 1a,1c, 24, 2
(1p,1c,1a,24,2
(1e,1a, 1, 24,26
(1,1,1,2,2) (Le, 1, 1a, 24,2,
(1a, 1p, 16, 2,2
(Lay1c,1p,2,2
(1p,1a,1¢, 25,2
(1p,1c, 14,2, 2
(1ey1ay 15, 26,2
(1c,lb,1a,2b,

)
)
)
)
)
)
a)
a)
a)
a)
a)
a)

Every 312! = 12 of our initial 5! ways corresponds to one actual permutation.

Num of generalized permutations of (1,1,1,2,3) is
g P ®, ) 3'2' 27 /118



!

. n:

Now you understand what is
nllnz! ce n,J

n! (num of objects)!

ni'ng!---n,.!  (num of type-1 objects)!(num of type-2 objects)!- - - (num of type-r objects)!

®ni+ne+---+n.<n
It is impossible for the sum n; 4+ n2 + - - - + n, to exceed n.

® |n fact, such expression is the multinomial coefficient

n! i n
nilng! - n,! N1, N2, ..., Ny

® E.g. How many permutation for the string “baby”?
type-1 letter b has 2 occurrence: divided by 2!
type-2 letter a has 1 occurrence: divided by 1!
type-3 letter y has 1 occurrence: divided by 1!

r =3 and n =4 here

Solution % =12
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!
n. . . .
— # generalized permutations of a n-set with repeated elements
nNynagt .- -MNyt

® E.g. A chess tournaments has 10 competitors, of which

4 are from Russia 3 are from US 2 are from UK 1 is from Brazil

If the tournament result lists the nationalities of the players in the order in which they placed, how many
outcomes are possible?

10 competitors, so 10! permutations
4 Russians, so 4! repeated permutations to be divided
3 US, so 3! repeated permutations to be divided
2 UK, so 2! repeated permutations to be divided
1 Brazil, so 1! repeated permutations to be divided
10!
4131211!

= 12600
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(Not in exam) Derangement

¢ Def (Derangement)
A permutation that no element appears in its original position.

A subset of symmetric group

For {1,2, 3,4}, the number of derangement is 9.

1234 2314 3412
1243 2341 3421
1324 2413 4123
1342 2431 4132
1423 3124 4213
How do you prove this: Incl-excl principle. 1432 3142 4231
2134 3214 3412
2143 3241 4321

The number of derangement, denoted by !n, has the formula

1 1 1 21\ = (-D)F
!n:n!(l—ﬁﬁ-i—g—iﬂ--—&-(—l) a)-nlz -
k=0

® Example.

o111
14 — 4! . PR ) =
‘4_4‘<1 1o 3!+4!> =9
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Combination

® Combination vs Permutation = commutative vs not commutative

® An relation R is commutative if aRb = bRa.

® A permutation is an ordered arrangement aab # aba # baa
® A combination is an unordered arrangement aab = aba = baa
® Boxing analogy: you fight Elon Musk, Joe Biden, Mike Tyson

® Permutation: the order (Mike Tyson, Elon Musk, Joe Biden) # (Joe Biden, Elon Musk, Mike Tyson)
® Combination: the order (Mike Tyson, Elon Musk, Joe Biden) = (Joe Biden, Elon Musk, Mike Tyson)

e E.g. A committee of 3 is to be formed from a group of 5 people (1,2,3,4,5). How many different
committees are possible?
12345

23| A3 2123237312132
24)1142\214(221/412(421
251221215125 112121821
5(152(415(451(514|52 1

41243|[324(342(423/232

5(1253(13125(352(523(532

2 2 2/524/542

3 3 353 3

Com a_inations Permutation —
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Binomial coefficient & number of combinations

e Def (n-choose-k)

!
Given integers n > k > 0, the n-choose-k, denoted as " , is defined as L.
k (n — k)'k!
® E.g. 5-choose-3 is 5 B 51 5 5-4-3.2.1 0
3 (5—-3)131 2131 2.1-3-2-1
A 44 4321
2] (4-2)20 212 2.1-2.1

® Meaning of binomial coefficients

® number of combinations in n-choose-k / number of k-sets in n-set
® number of bit strings from length n with exactly k 1's
e the coefficient of z*y"~* in (z + y)"

o Ifk<Oork>n, (Z) is meaningless and defined as 0.
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power-1 term power-2 term  power-3 term

power-4 term

(1+ ) 1
(1+2)? 2 1
(1+x)3 3 3 1
(1+xz)? 4 6 1
is the same as
power-1 term  power-2 term power-3 term power-4 term
1
1 1
(1+2) <1>
2 2
1 2
el (1) ()
3 3 3
1 3
el 1) G G
4 4 4
1 4
a0 G 6)

(5)
4 33/118



Pascal’s A, Fibonacci sequence, binomial coefficient
1/I/Rcw1

Row 3

/ROWz
/i/x//a// Row 4
3
5 Row 5
8 Row 6
" 6 1Row7
21 35 21 7 1 Row 8
34
5
8 10 45

56 70 56 28 8 1Row?9
36 84 126 126 84 36 9 1Row10
120 210 252 210 120 45 10 1Row 11

(o)
' The figures tell many things

~— ~— ~— ~—
—_— —_—
(S e} s
~— ~—
P
(o)
~—

[e2l=] (SN = ot w w

@ G © 34/118



Properties of binomial coefficient from Pascal’s A

n n . )
. < > = < > =1 the outermost columns in Pascal’'s A
n

0

o (™) = n horizontal symmetry in Pascal’'s A
k n—k
" (n

° =" sum of elements in the nth row

also the number of subsets of a n-element set

A _(ntl equivalently || = n-l + n-1 sum of consecutive
k)T \k+1) T k1) Y k) = k-1 k

a recurrence relation

(Can you see that 1 is a sum rule?)

n/2]

—k
Z (n i > =Fun sum of half of Pascal's A is the next Fibonacci number
k=0 35/118



™) = L integers factorial expansion
k) Kmn-—x!’ n>k>0. P
n\ n integer n > 0, ;
k) \n—-%k)’ integer k. Symmetry
—1
(]:) = % (]: _ ]) , integer k # 0. absorption /extraction
T r—1 r—1 . L .
= + , integer k. addition/induction
k k k—1
. : < Table 174
T - T— . . . .
<k> = (-1 )k< X ) ,  integer k. upper negation Concrete mathematics: a foundation
"\ /m N /r—k for computer science
= int k. trinomial revisi ;
(m) (k) (k) (m— k) ) Imbeges L ToMIELIESION 1y Graham, Knuth and Patashnik.
int >0
% (]:)xky”k = (x+y)7, lgre‘ie/;r</1 " binomial theorem The
r+k T+n+1 . .
Z = N integer n. parallel summation
k n
k<n
Z (k) = (n +1 ) integers upper summation
0 \m m+1 m,n > 0.

k 1 k 1
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https://en.wikipedia.org/wiki/Concrete_Mathematics

Combinatorial proof (Not in exam)
Proving (Z) + (k—?—l) = (Zii) ® Find an appropriate object to be counted
Algebraic proof ® Count that object in some way
® Count that object in a different way

n n n The two counting methods give the same result.
k k+1 The proof Let S = {a,b,c,--- ,z} has n+ 1 people.

_ n! + n! ® (1st counting) There are (Zil]) ways to pick k + 1 people in S
_ 1k —k=1)! |
(n— k)t~ (n—k =1k + 1)! ® (2nd counting) Suppose e is a VIP in S. Now, we we are doing
_ n! k+1 n! n —k  the same thing: “selecting the k + 1 people in S". With respect
- (n—Ek)K k41 + (m—k—1Yk+1)!n—Fk toec thereare two possibilities.
n!(k + 1) n!(n _ k) ® VIP is selected. Then we know we need to pick k& more people

(not k + 1 because e has been selected here) in the remaining
n people (not n + 1 because e has been selected). There are

TRk (n—k)(k+ 1)

n
| — (kr) ways.
_ w (k +t14n k) ® VIP is not selected. Then we need to pick k + 1 (because e is
(n—k)!(k+1)! not selected so we still need to pick k + 1 people) people in the
remaining n (not n + 1 because e has been rejected) people.
_ (n+1)! _ <’n + 1) There are (kii) ways.
((" +1) = (k+ 1))!(k + 1! k+1 These two yes-no events are disjoint so () + (A:il).
Algebraic proof can be tedious. ® Both counting methods are counting the same people, so
So we should consider combinatorial proof. (n + 1) (n) < n )
k+1/  \k k+1/
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4 2
(Not in exam) E.g. Combinatorial proof of (;) = (;) + 2(2) + 5n?

4
® (Left-hand side) ( 2”) means in a bag of 4n balls, choose 2 balls.

® (Right-hand side) In the 4n balls, 2n are red, n are blue and . To pick 2 balls, we have

L (2;) all red balls 2n-choose-2
L <Z) all blue balls n-choose-2
L n-choose-2
. (21n> (T) one red one blue 2-ball product rule
. (Zln> one red 2-ball product rule
° (T) one blue 2-ball product rule
® Now by sum rule

(= (=IO CIO+ ) = () v ot

SAREOREY

[\

[\

® We are counting the same thing, so <4n) = <2n> + 2<n) + 5n2
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Binomial coefficient for counting combinations: no repetition

n . .
[ <k> ways to choose k elements from a n-set if repetitions of elements are NOT allowed

e Eg. $§=1{1,2,3,4,5,6}.
® How many subsets are there? 20 = 64

® How many 4-subsets are there? 6-choose-4, (Z)

e E.g. How many length-10 strings over alphabet {0, 1} contain 6 or more 1's?
® | et Sg be the set of strings containing six 1's

® \We need to compute ’SG U S7 U Ss U Se U Sy U Sio|, by inclusion-exclusion principle

‘SG US7 U SsU Sy U 510’ surLule |Se| + |S7| + |Ss| + |Sa| + |S10]

SURGHORORG
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("**~') Binomial coefficient for counting combinations: with repetition ... (1/2)

k-1
<:> = (n + K ) ways to choose k elements from a n-set if repetitions of elements are allowed
® E.g. A farm has cats and dogs. How many ways can you select three pets to take home?

e F ={1,2}, 1=cat, 2=dog.

® Enumerate all the 23 = 8 possible cases
111 112 121 122
211 212 221 222

23 = 8 cases

® There are repetitions within the combination: e.g. 112 and 222
® Combination is unordered, so 112 = 211. After removing the same combinations we have

111 112 ;gg 4 cases 4= <2+§— 1) _ (g)

® E.g. A farm has birds, cats and dogs. How many ways can you select three pets to take home?
e F={1,2,3}, 1=bird, 2=cat, 3 =dog. Enumerate all the 33 = 27 possible cases
111 112 113 121 122 123 131 132 133
211 212 213 221 222 223 231 232 233 27 cases
311 312 313 321 322 323 331 332 333

® There are repetitions: e.g. 112 and 223
® Combination is unordered, so 133 = 313 = 331. After removing the same combinations we have

11 112 113 122 123 133
222 223 233 10 cases 10 = (3 * 2 1) - (2)
333 40/118



("**~!) Binomial coefficient for counting combinations: with repetition ... (2/2)

® E.g. A farm has birds, cats, dogs, ducks. How many ways can you select three pets?
e F={1,2,3,4}, 1=bird, 2=cat, 3 =dog, 4 =duck. Enumerate all the 43 =64 possible cases
111 112 113 114 121
211 212 213 214 221

311 312 313 324 321
411 412 413 424 421

64 cases

® There are repetitions: e.g. 112 and 223

® Combination is unordered, so 133 = 313 = 331. After removing the same combinations we have
44+3-1 6
(==
3 3

® E.g. There are five types of batteries: AAA, AA, C, D, and 9-volt. How many ways can we choose the twenty batteries?

(5 + 28 - 1) - @3) — 10626.

® E.g. There are 5 types of soda. You buy 7 cans of soda. How many selections can you make?

(5 + ; - 1) - (171) = 330.
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Combination and permutation together, example .. (1/2)

e E.g. In boxing, you fight against 3 boxers consecutively from a group (1,2,3,4,5). How many different fight
orders are possible? 12345

4

MORN
b

I\ L) & VR —
SPOPOr)

SIOTON
b
TN

INININ
TN
e, 1N
Bt

IR RI

(DTN LINTTNE

oL Onl
O ]
ot
rRTRY )
(TN 0] RV
KYRTN
RN
(N
R )

NG

51|5
4214
5215

1
7
2
£
£

BRI
[ N N

PR ] LUy

=

Combl_inations Permutation —

® By combination: you pick 3 out of 5, so 5-choose-3, (2) possible groups.

® In each group, there are 3! permutation, so by product rule, the total number of fight orders

il

® Generalization The number of permutation of k subset of a n-set is (Z) k!

n!

Some books denote this as P(n, k) = ————
(n—k)! 42 /118



Combination and permutation together, example .. (2/2)

® E.g. From the 26-alphabet, how many length-5 strings, no repeated letters are allowed, are possible?
26 5
()5t =262
5

® E.g. From the 26-alphabet, how many length-5 strings, with repeated letters are allowed among the chosen letters, are
possible?

26
(5)
5
® E.g. From the 26-alphabet, how many length-5 strings, with repeated letters are allowed, are possible?
26°

® E.g. From the 26-alphabet, how many length-5 strings, with the first two letters cannot be the same, are possible?

Y5 4.5.5.5=(%5) 4.5
(5) (5)

® E.g. From the 26-alphabet, how many length-7 English names are possible ?
267

® E.g. From the 26-alphabet, how many length-7 English names start with letter a are possible ?
267 — 25 - 26°
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Binomial theorem (z + y)" = (Z) akynF

3 e To find [xPy?], find the k (1 <k <n € N) in the
* Eg (z+y) binomial expansion that give zPy?. If such k doesn't

exist, there is no zPy? in the expansion.
_ (3 24 + 3 2hy? + 3 22+ 3 2590
0 1 2 3 e E.g. [z%y%] in (2 +4?)%is 0.

=93 + 3xy® + 322y + 3.

i
o

Proof. Let ¢ = [2®y®](2® + 3*)*. By binomial

expansion
N 2] f(z) means the coefficient of 2% in f(x) xpans
9 cxt? — 3 (acQ)k( 2)37k (3 2k, 6—2k
 Eg [7)(1+20)° = () 2" Y= \k 4 “\k)t Y
[ —
kth term in the expansion
5,6 11 11 5 6 . -
e E.g. [2°y°](5x —3y)"" = 5 =57 (=3)". Now comparing the indices:
" Find the integer k that solves 3 = 2k AND 3—k = 62k
n __ n __ n kaon—k
*Eg 5"=03+2)"= ~ <k>3 2 There is no solution, so z>y> does not exist in

(z® +y?)% and c = 0.
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Mathematical Induction
e Simple induction

® Base case Prove S is true.
® Hypothesis step Assume S,, is true for some m
® |Induction step Using S, to prove S,,+1 is true.

® Strong induction

® Base case Prove S7 and S> are true.
® Hypothesis step Assume S,,, Sm+1 are true for some m
® |nduction step Using S,, and S,,+1 to prove S,,+2 is true.

® Generalized strong induction

® Base case Prove S1,S5s,...,Sk are true.
® Hypothesis step Assume S,,, Sm+1, ..., Sm+k—1 are true for some m
® Induction step Using Sy, Sm+1, ---Sm+k—1 to prove Sy, 1k is true.

® Related concept: well-ordering principle
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Mathematical Induction

 Prove L LI B S
“i(i+1)  n+l 1-2 2.3 nn+1) n+1
neN

1 n 1 1 1 n
o P - , T S -
rove;(mel)(m#l) m+1 13 35 " DEnt)  2nti
neN
z+2 1 3 4 n+2 1

o P :1_ X =1

r°"ez (i +1)( (n+1)2" 122232 T hmr2n (n+1)2"

® Fact: you can also prove them using

® partial fraction & telescoping
® Gosper's algorithm
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Proving the binomial theorem via induction (x+y)" = (n) ahynF

* We will need identities (g) =(Hand (1) + (") (ZI i)

0 k k+1
® Proof. Base case If n =1, we have (z+y)l =z +vy (é)xoyl + (1)3513/0.

Hypothesis step Assume the statement at n =m

m
@+ym™ = > (7)atymt ()
=k
Induction step Consider the statement at m + 1, we have
m
m () m—
@+ E @y Yy (7)o

o) ()2 + (Tatym = 4o+ (amy°)
DR G (a0 ()t ()
D0 ((5) + (D)t 4 () + ()2 4t ()t

) m+1 + (m;LI)CE Y™+ (m+1)x2ym—l NS (m+1)xm+1y0

( m+1
B o

=(z+
= (Daty™ + (T)a?y™ =+ + (
(
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1 21
. . . 1331
Binomial expansion. 1 4 6 4 1

Trinomial expansion (x+y+z)3 = 23443+ " +cross-terms

23y 4 20 4 302y + 3222 4+ 3xy® 4 62y 2 + 3w2% + 3y2 2 + 3y 22 &
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n
n
Trinomial expansion (p+q)" = ( )qun_k

® Cast trinomial as binomial
n—k
n ™ bi. thm n k bi. thm k n—k jon—k—j
r+y—+z = (a:—i— y+z) y—l—z x , Yz .
( ) ( Z Z 2|

® Combine the binomial coefficients

n n—~k _ n! (TL* k))' _ n! rename n—k—j=i n!
I\ 5 ) T R -k K —k — ) - el

® Trinomial expansion

! o nl

- ki Cood gk
(@+y+2)" = 3 etV = > YA
1,7,k 1,7,k
i+j+k=n i+j+k=n

!
. n = n— with ¢ 4+ j + k = n is the trinomial coefficient.
i, 7,k ilglk!
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Trinomial expansion example (z + y + z)4

41 o
410101

41 iyl 41 2,1
311!0! " 31011!

41 41 41

a:2y2, Ilezl, $2Z2

212101 211111 210121

1! 1,3 ” 1,21 1! 1,12 “ .
o Y et Y T Y ot
4! 4! 4! 4!
A yizt, y?2?, 2!
0!4!0! 0!3!1! 0!2!12! 0'1!3!

3

1

41
olotal’”

4

o423y + 4x3 2462297 + 1222y2 + 62222+ 40y” + 120072 + 120y27 + Aoy +dyBz+- - -

How many terms: 3-choose-4 with repetition
The coefficients are inside a Newton polytope

The coefficients follows a lexicographic order
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Lexicographic order

a=a

reflexive

((a=xb)A(b=¢c) = a=xc

transitive
((a=2b)A(b=a)) = a=0b
antisymmetric

(a=xb)V(b=a)
| ——
total

A total order such as < is a binary relation that is

A lexicographic order is a way to compare strings based on the total order.
A string is a sequence of alphabets.

E.g. Alphabet = {a,b, c}, we consider string of length-3 with the total order: a <b < ¢

aaa = aab < aac <X aba < abb < abc <X aca < achb <X ace
= baa < bab < bac < bba < bbb < bbc < bea < beb < bee
< caa < cab < cac < cba <X ¢bb < cbe < ceca < eeb < cee

You can think of this as “3-digit base-3" number system
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Multinomial expansion

n n
(rton) = % (k >xf;1...:c':nm.
1ok
k17~--,km20
4

Eg (z+y+2+w)

Al
41010101

4!

! 4!
3l1toto!

4!
3.1 3,,,1

3.1 M
N " 3iotont Y

z

4!

: 4! 11 4! 1,1 4! 2 4! 2 1 4! 2,2
21210!0!

b, L, L, ! 1 !
oot Y2 oot Y oot 2 oot 2 Y 2ot Y
0 01210 0 0

1’2y2,

A LA, A
300! Y mort Y 7 i

4000 > 3100 > 3010 = 3001 = 2200 > 2110 > 2101 > 2020 > ... > 0004

z'y?w' and soon ...
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Practice

5
L (a:—|—2y+3z—|—4w)

3
° (7m+2y732+4w75u)
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IMPORTANT TABLE

order no order
n-permutation n! L n
no repeat n-choose-k combination A
k n! »
n-permute-k ——— = n-
P (n— k)

N1,N2 ..., "Ny k

. . . . k—1
repeat generalized permutation ( " > generalized combination <Z> = <n—|— >
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Special numbers (Not in exam but useful)

|
® Pochhammer falling factorial: k™ = ﬁ =k(k—-1)...(k—n+1)
_ —1)!
® Pochhammer rising factorial: k" = % =k(k+1)..(k+n-1)

® Stirling numbers of the 1st kind: [ﬂ = # ways to seat n people around k identical non-empty circular tables

=a(z—1)(z-2).(z—n+1)= i m "

k=0

22 =2 - 327 + 2 — B} =1, F’] =_3, F’] =2

® Stirling numbers of the 2nd kind: {Z} # of ways of putting n distinct balls into &k identical boxes with at

least one ball per box
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Examples on n”

[ )
<

Number of ordered selections with no repetition of r elements from a n-set n-

!
e n=nn—-1)n-2)..(n—r+1)= o 11.7")'
® E.g. 7 athletes in an Olympic event. How many ways can the gold, silver and bronze medals be awarded
=765
or

7-choose-3 winners X permute-3 : (;) 3!

® E.g. There are 6 kids in a party and | have 6 presents. How many ways can | give one preset to each kid?
6°=6-5-5-4-3-2-1=6!
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Examples on (n)
r

® Number of unordered selections with no repetition of r elements from a n-set (n)
T
. 9
® E.g. How many ways are there to pick a team of 4 from a group of 97 4

® You buy a pizza. You can choose exactly 4 toppings from a list of 11 options. How many ways can you do
. L 11
this? Double topping is not ok here. 4
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Exmnpbson<n>
r

. n
® Number of multisets of r elements, each element from a n-set < >

® Multiset: set with repeated element allowed

® E.g. A shop has three drinks: Coke, Pepsi and Water. How many way to buy 4 drinks?

G=01)-)

Star-and-bar: you begin with

Coke | Pepsi | Water
The job: place 4 stars inside two bars (two = 3-1)
Coke | Pepsi | Water All four drinks are coke
* ok Kok
Coke | Pepsi | Water Two cokes and two pepsi
*k *ok
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The four numbers, again

Number of ordered selections with no repetition of r elements from a n-set

Number of unordered selections with no repetition of r elements from a n-set

Number of ordered sequence with repetition of r elements from a n-set

Number of multisets of r elements, each element from a n-set
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Pizza madness: How many ways can you do this?

11
® You choose exactly 4 toppings from a list of 11 options. Double topping is not ok. (4)
® You choose at most 4 toppings from a list of 11 options.
+ ot i s () (- ()
ouble topping is not ok.
pping 0 1 2 3 4

N~ SN—— N—~— S—— SN—~—
0 topping 1 topping 2 topping 3 topping 4 topping
® You choose exactly 4 toppings from a list of 11 options.

® Double topping ok but only double, no triple. (141) + (111) (120> + <121)

N~~~ SN—~—
no double topping  one double topping  two double topping

® You choose at most 4 toppings from a list of 11 options.

® Double topping ok but only double, no triple.
. 11 11 11 11 11
no double topping ( >+<1)+<2)+(3)+<4)
S~~~ S~~~ S~~~ S~~~ e Ynd
choose 0 choose 1  choose 2  choose 3  choose 4

one double topping  + (11) (10) (111) (120> (111) (13())

1 1
1 double 1 single 1 double 2 singles 1 double 3 singles

11
two double topping + ( 9 )

2 doubles 60/ 118



Pizza madness: How many ways can you do this?

® You choose exactly 4 toppings from a list of 11 options. Double, triple, quadruple topping all ok.
11
Let the number of times a topping is chosen as z; > 0 and Zx, =4.
=1

This is a distributing 4 identical items (toppings) into 11 distinct bins (topping options).
11 __<11-F4-—1)
4/ 4

® You choose at most 4 toppings from a list of 11 options. Double, triple, quadruple topping all ok.

choose 0 topping  choose 1 topping  choose 2 toppings  choose 3 toppings  choose 4 toppings
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Lattice path

® How many shortest lattice path start at (0,3) and end at (3,0)?
® | attice = we are on a grid with lattice points

® Analysis: draw a grid

R TR I

To reach B from A in a shortest path, we can only move South (S) or East (E).

Moving from A to B has 6 steps, e.g., EEESSS

EEESSS is the same as “in 6 boxes, put 3 E and 3 S”

® So the question is the same as “how many ways to put 3 E and 3 S in 6 boxes”.

Y
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Lattice path examples

® Theorem In a 2D plane, the number of shortest lattice paths from (0,0) to (m,n) is <m + n)
m

141

e E.g. From (0,0) to (1, 1), there are < ) = 2 shortest lattice paths with step 2.

242

e E.g. From (0,0) to (2,2), there are < > = 6 shortest lattice paths with step 4.

142

e E.g. From (2,2) to (3,4), there are < ) = 3 shortest lattice paths with step 3.
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E.g. Lattice paths from (0 0) to (10, 10) that pass through (3,3) but not (5,5)?

Product rule: consider { 3 3)} { 3,3) — (10,10) that do not pass through (5, 5)}
3
{(0,0) — (3, 3)} has ( —g >p055|b|||t|es.
{(3,3) — (10, 10) that do not pass through (5, 5)} = {(O, 0) — (7,7) that do not pass through (2, 2)}
Complement {(0,0) — (7,7) that do not pass through (2,2)} = all paths f{(0,0) — (7,7) that pass through (2, 2)}

Treat {(0, 0) — (7,7) that pass through (2,2)} using product rule again

{(0,0) — (3,3)} X {(3,3) — (10,10) that do not pass through (5,5)}‘
prod rule ’{(0,0) — (3,3)}‘ . ‘{(07 0) — (7,7) that do not pass through (2,2)}‘

compI:ement (3<§3)

( {(0,0) (7, 7)}‘ - ‘{(0, 0) — (7,7) that pass through (2,2)}’)

_ (2) (7+7 H (0,0) — (7,7) that pass through (2 }D
prod._rule (g) 7 _ ‘{{(070) —=(2,2)} x {(2,2) = (7, 7)}}’)
prod._rule (g) (174) _ ‘{(07 0) = (2, 2)}’ . ‘{(2,2) — (7, 7)}’)
L OB - CPIeE) = O - OW) 64/118



Lattice path and multinomial coefficient

e Theorem In a 2D plane, the number of lattice paths from (0,0) to (m,n) is (m;- n)

e Theorem In a 3D cube, the number of lattice paths from (0,0,0) to (m,n,p) is <m7: Z;p)

2

2+2+2> (2+2+2)! 6

o

(0,0,0) to (2,2,2) has ( = 90 lattice paths

212121 T8
® How many lattice paths from (0,1,2) to (5,5,5) that pass through (3, 3,3) but not (1,2,3)?
e Generalization In a n-dimensional hypercube, the number of lattice paths from (0,0, ...,0) to

( 1y N2y .eey ) IS < k/‘l»nwkn )

2,2,2
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Advanced counting techniques
Counting via bijection
Counting via generating function / z-transform
Recursion, partial fraction and generating function
Pigeonhole principle
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Counting via bijection

® Assume we have a bijection from set X to set Y
® “If counting on X is hard, count on Y instead”
® Counting via bijection is a powerful technique.

® E.g. 2"](1+ 2)" and # of r-combinations of n-set is a bijection. This is why we can use binomial
coefficient to count things.

X Y
a 1
b £,
©
d

Bijection: one-to-one (injective) and onto (surjective)
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Rising number

e Definition A positive integer is called a rising number if its digits form a strictly increasing sequence.
Rising number := {dldz codp | di€{1,...,9}, di <dp <+ < dn}.

Number s rising?

123 yes
343 no
2334 no
1 yes

® How many 3-digit rising numbers are there?
Let
S = {d1d2d3 \di € {1,...,9}, di < do < d3}.

The question is asking: what is |S|?
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Counting rising number via enumeration, product rule and sum rule

123
/ 124
125
12ds — 126
127

128
129

134
_—
13d; = 135

e

1dads

NS

dydads

\

Y

18ds —— 189

® Cased; =1

e If do =2, we can take ds € {3,4,5,6,7,8,9}

® If dy =3, we can take ds € {4,5,6,7,8,9}

® |f do =4, we can take d3 € {5,6,7,8,9}

® soon,we have 7+6+5+44+3+2+1=28
® Cased; =2

® If dy =3, we can take ds € {4,5,6,7,8,9}

® |f do =4, we can take d3 € {5,6,7,8,9}

® If do =5, we can take d3 € {6,7,8,9}

® soon, we have 6+5+4+34+24+1=21

® andsoonfordi =3tody =6

® Cased; =7

® |f we take d2 = 8, we can only take d3 =1
® |f we take d2 = 9, no number is possible

7 possibilities
6 possibilities
5 possibilities

6 possibilities
5 possibilities
4 possibilities

15,10, 6, 3

® (Case di = 8, we can only take d2 = 9 but no number is possible for d3

® Case di =9, no number is possible.

Total number of cases: 28 + 21 + 15+ 10+ 6 + 3 + 1 = 84 69/118



Counting rising number by bijection

® Fact 1: di < d2 < d3 (rising number) = di # da # d3 (3 distinct digits)

® Fact 2: di # do # d3 (3 distinct digits) = there is exactly 1 rising number.
e.g. for {4,7,1}, the raising number is 147 and there is only one possible raising number.

® Hence there is a bijection between

# of 3-digit rising numbers  and # of ways of selecting 3 distinct digits

!
7+ of ways of selecting 3 distinct digits from 9 symbols = 9-choose-3 = (g) = % = 84.
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Examples of rising numbers

e E.g. How many 4-digit rising numbers are there that are greater than 50007
® >5000 means we are limited to {5,6,7,8,9}

5
® By the bijection argument, the number is 5-choose-4 (4) =5.

Or you can choose to list them
5678, 5679, 5689, 5789, 6789

® E.g. How many 4-digit rising numbers with dys = 9 are there?

® d, is fixed so we do not need to consider d4
® This problem is the same as counting how many 3-digit rising numbers with d; € {1,2,...,8}

&)

e E.g. With alphabet {a,b, ..., z}, how many 5-letter rising strings with d2 = d and ds = f are there?

® This problem is the same as counting how many rising strings as “7df 77"
® The first “?” has 3 choices: {a,b,c}

20

® The last two “??" have (2): choosing {g, h,1, ..., z} for 2 box
20

® So the total number is 3< 2) =570
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Example of counting via bijection

e (Bona 2023) A city has recently built ten intersections. Some of these will get traffic lights, and some of
those that get traffic lights will also get a gas station. In how many different ways can this happen?

e Let {A, B,C} be three choices. Each of the intersections can be in one of three states:

® A No traffic light.
® [ Traffic light only.
e (' Traffic light and gas station.

® As the two problem has a bijection. So we count by bijection.

® The total number of different ways to assign traffic lights and gas stations is calculated as 3'°.
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Bijection: composition of number, bit strings, tildes

o] D

@ @ .E ﬁ E(rm) @D GO
(f00) . @E ﬁ ﬁ(zmo CHRCD

Y

Bijection between 3-bit, tildes and compositions of 4

e Composition of a integer means writing this number as a sum of other distinct integers.

® E.g. 5=1+4is a composition, 5=1+1-+ 1+ 2 is also a composition.
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Twelvefold way of balls and boxes

f-class any f (no rules on placement) Injective f (no multi-packs allowed) Surjective f (no empty box allowed)
How many ways can you place n marked How many ways can you place n marked How many ways can you place n marked
balls into = marked boxes, with no other balls into = marked boxes, with no multi- balls into « marked boxes, with no empty
rules on placement? packs allowed? boxes allowed?
Distant f
n n
z z(z—1)...(x —n+1) =z out of scope
How many ways can you place n plain balls
into = marked boxes, with no other rules on How many ways can you place n plain balls How many ways can you place n plain balls
5 placement? into « marked boxes, with no multi-packs into © marked boxes, with no empty boxes
Sn orbit
allowed? allowed?
foSn x n—1
T rz+n—1
= n n—x
n n
How many ways can you place n marked How many ways can you place n marked How many ways can you place n marked
balls into x plain boxes, with no other rules balls into x plain boxes, with no multi- balls into = plain boxes, with no empty
s orbit on placement? packs allowed? boxes allowed?
£
Sz o f
out of scope out of scope out of scope
How many ways can you place n plain balls
into x plain boxes, with no other rules on How many ways can you place n plain balls How many ways can you place n plain balls
placement? into = plain boxes, with no multi-packs al- into « plain boxes, with no empty boxes
Sn, Sg orbit lowed? allowed?
Sg o foSp out of scope out of scope

out of scope
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Application of bijection: cardinality of infinite set Not in exam

=0 ifS=0o
S| e e
< oo if §is finite
e Definition S is countable if either S is finite, or S is infinite with an bijection® with N
® |N| := R (Aleph null), it means “countably infinite” think of it as co
® A set S is countable if | S| < Vo, a set is uncountable if |S| > N
® Cantor’s diagonal argument for bijection of infinite set

® |et N be the set of natural number

® | et [ be the set of positive even integers
® Which set has more elements?

2one-to-one (injective) onto (surjective)
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Algebraic methods in enumerative combinatorics

® Question: is there a more systemic way to counting?
Answer: yes

® Recall the very beginning:

‘ single term  double term  triple term  quadruple term

|A] 1
|AU B| 2 1
|[AUBUC| 3 3 1
|AUBUCUD| 4 6 4 1
‘ power-1 term  power-2 term  power-3 term  power-4 term
1+ xz)! 1
(1+2)? 2 1
(14 z)? 3 3 1
(1+xz)* 4 6 4 1
we can count things using the coefficients of polynomials (.- they have the same algebra)

® \We can count things using the coefficients of polynomials because they have a bijection.
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Counting via polynomial coefficient, example

® Eg. Fora,b,cinZ4,if2<a<53<b<6and4<c<7, how many solutions to a +b+ ¢ =177

® It is the coefficient of z'7 in the polynomial

(m2+x3+x4+x5)(a§3+x4+x5+x6)(a:4+x5+x6+x7)

® E.g. You distribute 8 identical cookies among 3 children. Each child can receive at least 2 cookies and no
more than 4 cookies. How many ways can you distribute?

e |t is the coefficient of 2® in the polynomial

(2® 4+ 2 + ) (2® + 2® 4 2*)(2® + 2° + ).

® How come? Because there is a bijection between the problem and the polynomial coefficient.
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Restricted Partition vs Partition

® E.g. Fora,b,cinZ4,if2<a<5,3<b<6and4<c<7, how many solutionstoa+b+c =177

® Restriction 1: we fix three numbers sum to 17
® Restriction 2: we restrict the possible values of the numbers

e Def (Partition)
P(n) represents the number of possible partitions of a non-negative integer n

® No restriction on how many numbers to sum to n
® No restriction on possible values of the numbers (other than in N)

® Discovering a closed-form expression for the partition function P(n) is an open problem
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Closed-form expression for the partition function P(n) is open problem

W EBE P
éﬂﬁjﬁﬂj@ﬁﬁ
= FIFPEL
= = [P

B e o [ = FH

I_l—l—l—l—l_ll—l—ﬂ—l—]B:El

LA

e
o™

1

B
ma[s]
1,2 3,5 7, 11, 15, 22, 30, 42, 56, 77, 101, ...
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Six-sided die
® Die = singular form of dice in old-fashioned English
® All the possible outcome of 2d6 (toss a six-sided die twice)

E OO U6 G0 @0 B0
(0 CJE) 6 EI0) GO0 EIC
D¢ O U@ BE B B
(Y (I (6T CIC) GIED) EIE3
&) CJED (D6 EIE
(D&Y (JEY (6 CIEY
e Consider a polynomial ' + 2% + 23 + z* + 2° + 2°

All the terms in (' 4+ 22 + 2® + ' + 2° + 2%)(a' + 2% + 2 + 2 + 2° + 29)

1111 33 l‘ $3331 1‘4l‘1 l‘sl‘l QTGZ‘I 112 113 $4
ZE1£E2 1’2ZE2 1'31'2 1‘41'2 1'51'2 1'61'2 ZBB ZE4 1,5
iEl.CCS CCZiES $3CCS .T4$3 .T5.T3 $6.T3 1,4 iE5 $6
IC1$4 ZK IC ZII3£B4 ZL‘ ZII .'L‘SZLA .’176.'L‘4 = 115 IC6 Zt?
ZE1£E5 1‘2£E5 1'31'5 l‘4l'5 1'51'5 1'61'5 ZBG ZE7 1,8
1E1$E6 CCZiU6 $3$6 .T4$6 .T5.T6 .TG.TG 1,7 iES x9

122 + 22% + 32* + 42° + 52°% + 627 + 52° + 42° + 32'° + 22

1‘5 136
(EG 2?7
377 $8
1‘8 1179
x9 1'10
.TlO xll
11 + 1.2312

8 8 8
© W =

("
o

8 8 8
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Defective six-sided die
® Suppose the die is defective that output 1 is impossible. All the possible outcome of 2d6

CJE) (0 CI0) B0 EICY
0 1 3 | 3 9| S I S [
CJED (IEI CICT EIEY EIED
CJED (6D EI6
CJED (JED EI6

e Consider a polynomial 0z* + 2% + 2% + z* 4+ 25 4 25
All the terms in (' 4+ 2% +2® + 2* + 2° + 2%) (2" + 2% + 2® + 2" + 2° + 25), where we ignore 2"

,7" ,’ITI 562,7’1 mSZT?I T ,’T?l T ! T ! ,172 ,’7’;5 ,’774 ;173 X (1?7
,’171,’172 .13213 .133.13 124.132 Tr T Trx .’173 134 .135 33’6 337 338
(1‘1(1,‘:% ZE2£C £E3£E CC4CE3 xrx xrx 1,‘4 ZCs CE6 I7 378 l’g
,7" JITI CE2$U4 SCSCE4 I4$4 I5$ (E6I4 = !173 1‘6 £C7 278 1'9 CElO
(I,‘l,’I,‘B T 135 ZL‘SZL‘S 124135 T 1‘5 $6l‘5 .’I,'(‘ 137 ZL‘8 33‘9 JIIO ZL‘ll
(1‘1(1,‘“ 582586 £E3£E CC4CE6 .’L'5CC 1'6.%' .’I,‘7 ZCS CEQ (EIO (.Cll 2812

12t + 22° 4+ 32% + 427 + 52% + 42° + 320 + 22! + 1212
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Distribute cookies to two children

® How many ways to distribute 8 cookies to two children with at least 1 cookies and no more than 6 cookies

1‘11‘1 1‘21‘1 1‘31‘1 I4$1 1’51'1 xﬁa: ZB2 .’IL‘B 1‘4 1'5 1‘6 32'7
$1LE2 2$2 $3$2 $4$2 .T5.T2 :[:6'1:2 .CCS $4 $5 3:6 337 138
xlx IE2ZE3 xrx LE4LE .L’-).L‘3 .’EG.'E3 1}4 ZBS LEG :Z’7 ZL'S .’L’g
1‘11‘4 1‘21‘4 xrx xr x $5I4 $6I4 = ZEB 1‘6 $7 178 1‘9 1‘10
$1LE5 2.5 ’ES.’Es e .T5.T5 $6$5 .T6 $7 .’68 339 .TIO xll
:E1:E6 ‘LZ .6 LE3:E6 LE4LE $5$6 .’EG.’b $7 ‘,L,S x9 .’EIO LEll ZB12

® How many ways to distribute 7 cookies to two children with at least 2 cookies and no more than 5 cookies

2t it 2Sat 22 2 a2t r° 2 e’
22 2t 2 bzt b 2 z7 28
2 2t 2 o 2% 2T z® N
220 phpt Ot - I S 29 210
2225 PO T . P N I e L

rrab 252 7 2 ¥ g0 gt g2

— @+t + )@+ 2+ 2t + 20
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Number of integer solutions to an equation

® E.g. How many solution to the equation a +b+ ¢ = 17 if a,b, c are integers and 2 < a < 5,3 < b <6 and
4<ec<T7?

® The solution is the coefficient of 27 in the polynomial
(xQ +x3 +x4 +x5)(x3 +x4 +x5 +x6)(x4 +x5 erG +x7)
(which is 3)

® The same as plotting all the (i, j, k) coordinate of the outcomes and find the total number of terms that has
power 17.
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o
Power series G(x) = E apx® = ag 4+ a1x + asx® + . ..
k=0
e E.g. Consider a 1-set {e1}
1 way to select zero elements
1 way to select one element 120 41z 1l F0x2 4023+ =142
0 way to select more than 1 element
e E.g. Consider a 2-set {e1,e2}
1 way to select zero elements
2 way to select one element
1 way to select two elements (we take 12% + 22" 42 +02° + - =14+ 2z +2°
combination)

0 way to select more than 2 elements

e 1422422 =04+x) (1+2)
(1+=x) . 1+z) = (1+z)? = 142z +4°

} product rule

select from {eq select from {eg} select from {eq,ea}

e In fact these are binomial expansion of (1 + z)*
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Sequence and generating function

e E.g. Given a sequence {1,1,1,1,1, 1}, its generating function is
~—_————

six 1
14+z+22+2°+2* +2°

Note that we have three representations of the same thing

1 €40,1,2,3,4,5 .
fn = ned . } = {1,1,1,1,1,1} = l+z+2°4+2°+2*+2°
0 other wise —_——
a list generating function

definition form
e E.g. For sequence {0, 1,2, 3}, its generating function is = + 222 + 3z°.

e E.g. For sequence {0,1,0,1,0,1,0,1,...}, its generating function is = + 2® + z° + 27 + ...
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Example of product rule and generating function

e E.g. A word must be started with a prefix, followed by a vowels, and ends in a suffix. How many words can

prefixes = {qu7 s,t}
you build from vowels = {a, i, oi} ?
suffixes = {d7ff7 ck}

® Solution by enumerating the 3% = 27 outcomes

sad sid tad tid
quad quid sack saff sick siff soid tack taff tick tiff toid
quack quaff quick quiff quoid soick soiff toick toiff quoick quoiff

There are 4 length-3 words, 12 length-4 words, 9 length-5 words, and 2 length-6 words.

® How to count number of length-5 words without enumeration? We construct a product of generating function
(qu+s+t)(a+i+oi)(d+ff+ck) = (maz—i—x+x)(m+a:+xx)(x+xm+xx)

(2:v + xz) (2:Jc + x2) (:E + 2:v2)

423 4+ 122* + 925 + 225,

(we don't care about the exact letter, we replace each letter by x)
(Why qu is zz: the zx represents “select or not select 2 letters”)

o Coefficient of z® = # of length-5 words = 9.
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Product rule and sum rule, in generating function
o Let {A(m) be the gen. func. for selecting items from set A

B(x) be the gen. func. for selecting items from set B

® E.g. Rolling a six-sided die four times. By product rule, the GF is
C(z) = (' +2* + 2° + 2" + 2° + 25)*
The number of ways that the result add up to 20 is the coefficient of 22°.
Then how do you find the coefficient: multinomial coefficient.

¢ Product rule (GF ver.)
The GF for the set C := A x B is C(z) = A(z)B(z).

® Sum rule of disjoint set (GF ver.)
If A and B are disjoint, the GF for the set C = AU B is C(z) = A(z) + B(z)

® |Is there a GF for inclusion-exclusion principle?
Yes C(z) = A(x) + B(x) — A(z)B(=).
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Generatingfunctionology / Algebraic Combinatorics

Product rule A(z)B(x).

Sum rule of disjoint set A(x) + B(x)

Inclusion-exclusion principle
A(z) + B(z) — A(z)B(z).

A(z)

Division rule B(z)

Permutation

® Taylor series e® = E o
k=0

o0
® Exponential generating function Zan

k=0

:Ek

k!

n

Generalized permutation A(x) = H

i=1

1
1—aki

Generalized combination, Sterling functions, raising
factorial, ...

d . . . .

— has a combinatorics meaning: counting structures
z

with ONE distinguished Element

2
— has a combinatorics meaning: counting

da?
structures with TWO distinguished Element
/dx has a combinatorics meaning: counting

structures with accumulation

log has a combinatorics meaning: counting connected
structures (cycle)

Now you should view math from a new perspective.

® there is something behind
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Coefficient in infinite series

= 1
Onl4+z+a?+. .= Z ok = 1 for |z| < 1, take differentiation n — 1 times gives
—z
= -1
ST o k(k—1)(k—2)- (k—n+ 22k = =Dt
k=n—1 (1—([)"
Letr=k—n+1lthenk=r+n-1
- -1
S rHn-Dr4+n-2F+n-3) - (r+ 2" = (= DY )n
r+n—l=n—1 (1 - ac)
> rl (n—1)!
= Z(r-{—n—1)(7‘+n—2)(r+n—3)--~(r+1)—x7 —
= 7! (1—az)"
(r—i—n—l o (n—1)!
— = -~ 7
Z 1—a)"
(r+n—1 o 1 5
— . — n
Z n—l'r' (1_1.)n ( T4zt + )

(l4+a+a®+. i("“—l) - §O<’;>wr

14+22—-1 8§4+22-1 29 29!
22 2 4. 01 = — 22 2, ...
Eg. [z*°]l+z+2*+ ) ( 99 ) 1, [E2lQ+z+22+---)8= ( 99 > (22) 2171
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Example

E.g. [22?](z + 22+ ---)3 is the same as [z°)(1 + 22 + -

(@+a?+---)3

The coefficient is thus

0+3(

1+22—1) _3(2+22—1>+<3+22—1)

22

1+z+a2*+-- i< >

r=0

(3 +19 — 1) _ (21) —210. O,

3 3
),whichis< >
(—14+14+z+z2+---)3 19 19 19

(—1+(1+m+r2+~~~))3
i() PEAta+a )k

(3)( 1)3- 0(1+x+x 40 +(3)(—1)3*1(1+x+x2+-~)1
+ 2) 214zt a?t-..)2 +(3)(71)3‘3(1+z+12+---)3

ke
(=}

—“1+30+z+a?+--)=30+z+z2+ P+ (Q+z+z2+ )3

= 3—3(23) + 276 = 210.

22 22
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Using generating function to solve difficult counting problem ... (1/2)
number of apples must be even
ber of b tb Itiple of 5
® E.g. How many ways to fill a bag with n fruits if number of bananas must be a muttipie ©
at most four oranges

at most one pear
® Solve it using generating function
1 way for zero apple

0 way for one apple

We can select apples in way of {1,0,1,0,...} < 1 way for two apples
0 way for three apples
so on

The generating function for apple is A(z) =14+ 2 + 2 + 25+ ...

The generating function for Banana, B(z) =1+ 2° + 2'% + 2" 4 ...

The generating function for orange, O(z) = 1 4+ z* 4+ z? + 2 + z*

The generating function for pear, P(z) = 1 + 2*

® By product rule (GF ver.), the generating function of slecting the fruits is
A(z)B(z)O(z)P(z) = (1+1:2+x4+:r6+...) (1+x5+m10+x15+...) (1+x1 +$2+x3+x4) (1 +x1)
Let's call A(x)B(x)O(x)P(z) as Fruit(x). 91/118



Using generating function to solve difficult counting problem ... (2/2)

Fruit(z) = (1+x2—|—x4+...)(1+x5—|—x10+...)(1+w1+w2+x3+x4)(1+w1)

1—2a°
(1+x2+x4+...)(1+x5+x10+...)(17;})(1—&—301) geometric sum

- (l jlz) (l jﬁ) (11_—25) (1 * xl) geometric series
1 =7

= (1—x)jljzkf}TLl/xf 1—2M

=

d 1

= L1 differentiation

— i 1+ + 2 3 . .
= rt+azt 7+ geometric series

= 1+2z' +32> +42° + ...
= (n+1)z"| _ +m+1Dz"| _ +n+1z"| _, +(n+1)z"|
So there are (n + 1) ways to select n fruits. 92/118

n=3



Multiplicative inverse of power series

e Definition A polynomial B(z) is a inverse of A(z) if B(z)A(x) = 1.

oo
® E.g. 1 —xisthe inverseonxk:1+x+x2+x3+~~
k=0

i 144z +25 4+
(1-2) ka: 1—a:)(1+m+a:2+a:3+~~-) = ) - 1.
h—o —z—at -z —. ..
1
In fact, by geometric series, 1 +z + 2 + 22 +--- = T

® Generalization By geometric sum, we have

l+re+rc®+.. =
1—rx

Illustration using multiplicative inverse
1+re+rie? + 323 4.
(1—rz)(1+re+r’z? +07%° +...) = = 1.

—rx —r?2® — 323 — ...
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Basic formulas

® Binomial expansion

Finite Geometric series

Power of infinite Geometric series

(1+x+x2+~~)” = ( 1 ) = <n+r—1>mr =
1—=x = r

Differentiation
1 d 1

(1—=x)2 Tdzl-=

Trinomial (counting two type of objects)

(I+z+y)"

=142z +32% +42> + - -

_ (n) xiyj
o \»J
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What's the big deal of generating function? Not in exam

® A more systematic approach to counting: you count by using polynomial coefficient.

® However, you need a lots of mathematics to use generating function

® Finite sum and infinite sum
® Differentiation and integration
® Partial fraction

® Generating function can be used to solve recursion problem
. . . : —1)"t!
® Such as finding the closed-form solution of Fibonacci number as f,, = L ntl_ ontl , where
g /5 2 (2

145 . .
Y+ = —s is known as golden ratio.

® |n fact generating function is called z-transform in digital signal processing.

® |t is called z because it uses complex number.
® |n fact, given a generating function, we can get back the series via inverse Z-transform via

1 n—1
z[n] = ﬁjgc)((z)z dz,

in which you need the knowledge of complex number and complex integration.
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Techniques for generating function : partial fraction
?

1 ?
e Eg. —
& I_oi-20) 1-2z 1-22
1 A B
= 1= A(1—22) + B(1 - ).
O—o)(i-20) 1-2 1-22 (1-2z) + B(1 - )
Put z =1 gives A = —1. Put x = . gives B =2, so ! - ! + 2
- E o —28 A U220 1-z  1-22
. E Te-53 _ v 7
€ 2 2r 15 z-5 z+3
17z — 53 172 — 53 A B
= = — 17x—-53=A 3) + B(xz — 5).
P —20—15  (@—5)(@+3)  z-5 243 x (z +3) + B(z - 5)
17z — 4 1
Put z = 5 gives A =4 and put z = —3 gives B = 13. Hence Tx — 53 N 3

2 —_25—15 -5 z+3

cpg 10435 _ 10 -5
8 (x+4)2 z+4  (z+4)2
10z + 35 A B

EFwIE m+4+($+4)2 < 10z +35 (z+4)+

Put © = —4 gives B = —5 and put x = 0 with B = —5 gives A = 10.
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Solving recursion via generating function, example 1 ... (1/2)
2 =0

® Consider a function defined recursively as f,, = " . What is the general formula of f,,?
3faci—1 n>1

® Enumerating the solution for multiple n and then guessing the solution is not very helpful.

o Let F(z an Now frn =3fn-1—1 <=  fon—38fn1=—1.

F(w) = fo+ iz + for® + faa® 4+ - by definition
—3zF(z) = —3fox’ —3fix?® —3foa® —--- multiply — 3z
(1-3x)F(z) = fo+ (fi=3fo)z'+ (fo—3f1)z®>+ (fz — 3f2)z®> 4+ .-  add the two equations
= 9_gl g2 _ g3 ... by

= 24 (1-1) -zt —2®—2%—.
= 3-(+z'+22+2°+-)

1 . .
= 33— geometric series
1—x

® Now we have
1 3 1
= F(x) = —
1=3z (1-z)(1-3x) 97 /118
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Solving recursion via generating function, example 1 ... (2/2)
® Apply partial fraction

1 i 1 3
_ 15 . _'%5 . T3 >
(1—-=)(1—3x) 11—z 1-3z 1—-z 1-

® Then (1 —3z)F(z) =3 — %x gives

1
3 1 3
F _ 2 _ 2
() 1-3z ' 1—-2 1-3z
3 1
2 2
T 1-3z +1—Jc
3 1 +1 1
T2 3z 21—z

1—
= (1+3x+ (3z) +(3x)3+---)+%(1+x+x2+m3+--->

® Therefore

You can try with n = {0,1, 2,3}
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Solving recursion via generating function, example 2

® Find the closed-form expression of the recursion f, = b n=0
fn—1+c n>1
o Let F(z ana: Now fn = fan1+c <=  fao—fn1=c.
- Fla) = fo + frat + foa? +--- by definition
—1F@) = —foi—f1— foxl — faa?—-- multiply — 1
(1— %)F(z) = —fo% +(fo—f1)+ (fr — fo)x' + (fo — f3)x2 +---  add the two equations
A-HF@) = —fol—(f1 = fo) = (fa— fu)at = (f3 — fa)a? —
= —b/x—c—cx! —cax?—--- by = and fo =b
(1-2)F(x) = btc@'+a2+z3+--2) multiply — z
= b—ctc(l+at+a?+z3+.-1)
= b—c+Hc ! geometric series
b by
—c
Flz) = ——+c—=0 divide by(1 — z)
1—=z (1—-=x)2
® ) ‘e d 1 1 d 1
= —cC —_ = —
11—z dzl1l—= (1-z)2 dzl-=z

b-—c)Q+z+z%+. )+cd—(1 +rt+az?+..) geometric series
b—c)(1l+z+a2+.. )+c(1+2x+3x +)

b4 (b+c)x + (b+2c)x? 4 (b + 3c)x3 + .

b+ ne 99/118
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Solving recursion via generatmg function, example 3
n =20
Find the closed-form expression of the recursion f,, = 1 n=1 <+ fn— fn—2 =1
frn—2+1 n>2

F(z) = fo+ fizl + fox? + f32® + .- by definition
7z2F(z) = *fOEQ - f1933 - multiply — z2
(1_12)F(I) :f0+f11+(f2—f0)12+(f3—f1)13+‘“ add the two equations
=z+22+23+... by and fo =0,f1 =1
F(z) = S geo. series,%
1+2z)(1 - =)?2 1+z)(1— )
-1 1 -1 1 11 i }
= Tl+ac +T1—:c +5m partial fraction

-1 1 -1 1 1d 1
4 1—(-x) 41—z 2del-—ua

:;(17z+127»~)+ (1+o+a?+- )+%%(1+z+z2+»u)

4
4

:;(l—m+m2_“A)+ (1+7:+T+ )+%(1+21+3z2+“_)

S(F RGP (R

_1\0+1 _ _qy14+1 _ _1)2+1 _

(=17 +( 1)+2(0+1)+( I+ ( 1)+2(1+1>x+( D+ ( 1)+2(2+1)12Jr
4 4 4

(=) 4 (—1) +2(n+1) 2n 4+ 1+ (—1)" 11

fn = 2 = 2
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1 n=>0

Solving recursion via generating function, E.g.4 f, = (3 n=1

Let F(x anx By fn =3fn-1

F(z)
—3xF(z)
222 F(x)
(1 — 3z + 222)F(z)

In

Verify with f, = 1,3,7,15,31,63, ...

3fn71 - 2fn72 n > 2
—2fn—2 <= fn—3fn—1+2fn_2 =0, we have
fo+ fizt + fox? + faad4 -
—3foz! —3f12% — 3fa2® — -
+2fox? 4+ 2f123 + - -
fo+ (fr = 3fo)z + (f2 = 3f1 + 2fo)a” + (f3 — 3f2 + 2f1)2® +

14 (3—3)z + 022 4+ 023 + - -
1

222 — 3z +1
1

-2

2 -1
1—290+ 11—z
2<1+2z+22m2+23x3+-~)—(1+:p+:p2+~-~>
antl 1
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Techniques in generating function

® Steps
o let F(z) =

polynomial in z

fo+ izt + fox® + f3x® + -
® Based on the recursion definition, multiply F(x) by a

® \Work on the algebra to get a power series

® Familiar with common power series

o 14+r+7ri+-

o l+a+a’+...=

® 1420432 +--- =

._’_,rnfl —

1—7r"
1—r
1

1—=x
1

(T—a)? ~

d

1

dzl-=

® Familiar with partial fraction tricks, such has

1

(z—a)(z—0) -

Chapter 7 in Discrete Mathematics and Its application —

G(x)

(1+x)

Z Cln, kyx*

=14+Cn, Dx +C(n, 2> + - +x

C(n, k)

(1 +ax) = Zcmk)a&‘
i

=1+C(n, Dax +C(n, 2)a*x* + -+ + a"x’

C(n, k)a*

(1+x")"

z":C(n.k).x”
k=0

1+C, D" +C(n, 2x¥ + -+ +x™"

C(n,k/r)if r | k; O otherwise

prn

l—x

I—x

Lifk < n; 0 otherwise

Lifr | k; 0 otherwise

<
= =Y+t =1+ 20+ 3%+ k+1

7 k=0

N =
a7 =Z (n+k—1,k)x Cn+k—1,k)

# i=0 =Cn+k—1,n—-1)

C(n, Dx +C(n + 1,2x% +

1+
Zcmﬂq =Dkt

Cln, x +C(n+1,2)x% —-

(~1¥Cn+k—1,k)
=(=fCn+k—1,n-1)

(1 —ax)y"

= Zcm +k—1,katx*

=1+C(n, l|ux+C(n+l a4

k=0

Cln+k—1.ka*
=Cn+k—-1,n—1)ya"

1/k!

@ (—
In(1 +.rD=ZTx*=.\'—

=

(=1

0

=Dk
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Advanced generating function Not in exam
® Hypergeometric function: generating function “on steroid”

® Fibonacci sequence f, = {0,0,1,1,2,3,5,8,13,21,34,55,...}

5 .
golden ratio

i = —

Rook polynomial <= ways of nonattacking rooks in chessboard

. I. g ook 1
no roo way

N 2 L A 1 k: 4
Rpa(z) =1+4w+22 /./ = I rooks: 2Wv3:§s
/ Ifl

® What is the number of ways to place 8 rooks in a 8-by-8 chess board that none of the rook are attacking?

What about bishop? Rotate the chessboard 45° gives you a rook!
® Queen = Rook + bishop.
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Pigeonhole principle

. n
® Put n balls inside m boxes. At least one box has [ —] elements.
m

e E.g. three balls in two boxes, (all balls must go into a box)
Box-1 | Box-2

3
s y Box-1 has |'§'| = 2 balls.
® Pigeonhole principle
® |f you put n pigeons into m pigeonholes and n > m, then at least 1 pigeonhole must contains more than 1
pigeons. To be exact, that pigeonhole contains |(n — 1)/m]| + 1 pigeons.
® |f you put kn + 1 pigeons into n pigeonholes and k € Z, then at least 1 pigeonhole must contain more
than k + 1 pigeons.

® E.g. Suppose there are 26 students and 7 cars to transport them. Then at least 1 car have 4 or more
passengers.
[(26—-1)/7] +1=3+1=4.
Distribute as evenly as possible = 3

2
\‘76J = 3 students per car (ignoring the remainder)

The —1in 26 — 1 is used to account for the worst-case scenario in the application of the Pigeonhole. 104 /118



Pigeonhole principle and function mapping

® Suppose we are mapping n elements from the domain to a range via a function f

® Denote |n| as the number of element in the domain
® Denote m := |f(n)| as the number of element in the domain

S S &

[ ] [ ] o
™ ] L L3 L ]
° . ] L ]
O
Pigeons Pigeon-holes Pigeons Pigeon-holes Pigeons Pigeon-holes

* Ifn] > [f(n)

, then the function is a non-injective surjective function (not a bijection)
* Ifjn| =|f(n)

* If[n| <[f(n)

, then the function is a injective surjective function (bijection)

, then the function is an injective non-surjective function (not a bijection).
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Pigeonhole principle example .. (1/2)

e E.g. Put five pigeons into two pigeonholes A, B, then one of the pigeonhole will has at least 3 pigeons.

® By enumeration:

® E.g. In a group of 13 people, we have 2 or more who are born in the same month.

AAAAA
AAAAB
AAABB
AABBB
ABBBB
BBBBB

® Number of pigeons: 13 (number of people)

® Number of pigeonholes: 12 (number of months)

A has 5 > 3 pigeons
A has 4 > 3 pigeons
A has 3 = 3 pigeons
B has 3 = 3 pigeons
B has 4 > 3 pigeons
B has 5 > 3 pigeons

e E.g. In a group of n > 1 people, each shakes hands with some (a nonzero number of) people in the group.

We can find at least two who shake hands with the same number of people.

e Number of pigeons: n (number of people)
® Number of pigeonholes: n — 1 (range of number of handshakes)

e E.g. For any choice of 10 numbers in {1,2,...,19}, there are two that add up to 19.
® we partition {1,2,...,19} into 9 subsets: {1,18},{2,17},{3,16},...,{9,10}.

® we are picking 10 numbers, by the pigeonhole principle, there must be two chosen numbers lie in the same

bracket
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Pigeonhole principle example .. (2/2)
® E.g. A class of 20 students got their exam scores, | told them
the class average for the test was 8 out of a max of 10 . Then someone in the class must have scored at
least an 8/10.
® Proof by contradiction Let z; be the scores of the student.
® For contradiction, assume the statement is false. l.e., nobody get more than 8/10. This means z; < 8 for
all 4.

® The average of all 20 students is then
Classaverae_a;1+a;2+...+;1;20 assur&ption8+8+...+8_@_8
g = 20 20 T2 ~ ©

This contradicts with -, therefore assumption is false, and someone get more than 8/10.

T
e E.g. For any 5 points in the unit square [0, 1] x [0, 1], there are two points that are within 7 distance of

each other
® We partition [0, 1] x [0, 1] into 4 quadrants.
® By the pigeonhole principle, two of the points are in the same quadrant.

1
® The farthest two points can be in the same quadrant is the length of the diagonal of the square, which is ﬁ .

Now you see pigeonhole principle is existential: it only gives the information of “there exists in an object that

has property X", it does not specify which object has the property X.
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The relationship of 6 people Not in exam

® Theorem Suppose there are 6 people {1,2,3,4,5,6}, and for each pair (i, j) there is a relationship of
{friends, stranger}. Then there will be at least 3 people that they are friends of each other or they are
strangers.

® The above two situations always hold no matter how you pick 6 people in this world. This statement does
not hold if you consider less than 6 people.

® Ramsey number R(3,3) =6

® Proved by pigeonhole principle on a complete graph: 5 edges, 2 group, 3 connections
e Claim: for A, at least 3 edges on friends / stranger
® Pigeon: 3

® Pigeonhole: ng
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What's the big deal of pigeonhole principle? Not in exam

® Pigeonhole principle, founded by Peter Gustav Lejeune Dirichlet, gives us a guarantee on what can happen in
the “worst case scenario”.

® Pigeonhole principle is a special case of Ramsey’s theory.

® Ramsey theory: “how big must some structure be to guarantee a particular property holds?”
e “Complete disorder is impossible” - Theodore S. Motzkin

® Frank Ramsey, who proposed the Ramsey's theory in 1928 (at age 25), is a friend of Ludwig Wittgenstein
(who invented the truth table). Wittgenstein is PhD a student of Bertrand Russell (logic).

—
I &

Figure: Ramsey, Wittgenstein and Russell

® Ramsey theory is an entire branch of mathematics that is too difficult (at least for me)
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Pigeonhole principle in computer science Not in exam

® Pigeonhole principle is not a theorem but rather a proof-technique.

® You will not see the power of pigeonhole principle in this course. You will only experience its power in later

course.

e E.g. All list with more than n? distinct numbers has a monotone sublist of length greater than n.
® eg. n =3, so we need to build a list of at least n? = 9 distinct numbers.
® Say we randomly generate 10 > n? = 9 distinct integers as

list = {1,10,2,9,3,8,4,7,5,6}
A sublist of 1list, in which you can skip elements, is

sublist = {1,2,3,4,5,6}, |sublist|=6>3=n.

e E.g. Any comparison-based sorting algorithm must perform Q(nlogn) comparisons to sort n elements in the

worst case.
® Proof by contradiction: if the algorithm makes fewer comparisons than this, by pigeonhole principle, there
must be some pair of inputs that the algorithm wouldn't be able to distinguish, since there are more possible

inputs than configurations of the algorithm.

e E.g. Any hash function with more inputs than outputs will necessarily have collision.
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Summary

Inclusion-exclusion principle |AU B| = |A| + |B| — |AN B
Counting by enumeration: list all possible outcome, draw a tree to help visualize
Sum rule as special case of inclusion-exclusion principle [P U Q| = |P| + | Q]
Product rule as application of Cartesian product [P x Q| = |P| - |Q|
Subtraction rule as application of complement: A C S then for A\ S, we have |A¢| = |S| — | 4]
Floor function and counting number of divisible integers
A permutation is an ordered arrangement of a set of objects
The number of permutations of n distinct objects is n! :=n(n —1)(n —2)---1
Generalized permutation of n objects, possible non-distinct is ni' = ( " )
ni!...n.! T, N2,y eeey N
A combination is an unordered arrangement of a set of objects
Binomial coefficient n-choose-k without repetition is (n> = nil
k (n — k)'k!

n—i—llz—l)

Counting using binomial and multinomial coefficients

. n-choose-k with repetition is <

Counting via bijection
Counting via generating function
Solving recursion by generating function

Pigeonhole principle

factorial

division rule
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Contents

Advanced? counting techniques
Gosper's algorithm
Hypergeometric function
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Gosper’s algorithm for crazy sums
" (on+1\[k+m _[2m
* kz_0<2k+1>< 2n ) B <2n)

. Dl)k(‘;’;) = (4"

k=0
no.5 4 3 2
.Zk 752:771 + 5n° 4+ 14n° + 31n + 52
k! n!
k=0

® Gosper's algorithm: Bill Gosper (the founder of hacker) discovered a way to solve these crazy sum.

® Techniques

® partial fraction decomposition
® telescoping series
® Hypergeometric function

Not in exam
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Gosper’s algorithm for crazy sums
" (on+1\[k+m _[2m
* kz_0<2k+1>< 2n ) B <2n)

. Dl)k(‘;’;) = (4"

k=0
no.5 4 3 2
.Zk 752:771 + 5n° 4+ 14n° + 31n + 52
k! n!
k=0

® Gosper's algorithm: Bill Gosper (the founder of hacker) discovered a way to solve these crazy sum.

® Techniques

® partial fraction decomposition
® telescoping series
® Hypergeometric function

Not in exam
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Pochhammer symbol Not in exam
x!

® Pochhammer falling factorial 2™ = z(x — 1)(x — 2)..(x —n+1) = @on)

e we define 2% =1

® Pochhammer raising factorial 2" = z(z + 1)(z + 2)...(x +n — 1)

o we define 29 := 1
e Note: 1™ =nl!

® Hypergeometric function For a; integer and b; natural number
o %tk _k
at...ay, 2
nFm(a1,az,...;an;b1,b2, ..., bm;2) = E -
bE...bk, k!
k=0 “1¥m

n means how many parameters on the top

m means how many parameters at the bottom
the top parameters are a1, as, ...

the bottom parameters are by, ba, ...
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All functions are just special cases of hypergeometric function Not in exam
e Eg.n=m=1anda; =b; =1

> 1k Lk
17 2
1F1(a1;b152) = 1F1(1; 15 2) :Zf? ¢ Egn=2m=1,a1 =a,aa=1,b1 =1
k=0
> _k > k1k Lk
z a z
:Zf Fi(a,1;1;2) = — —
| 251(a, 1, 1, Z
k:ok‘ =0 1% k
= e*
® Egn=2m=1anda; =ax=0b; =1 :Zaﬁ
2, 1F1F 2k o
F; b = 2F(1,1;1 = — —
21 (a1, a2;b152) = 2F1(1, 1515 2) kz:; 1% Kl o L
. . => a(a+1) (a+k—1)+
:ZIZL k=0 ’
k!
F > m+k—1
oo k _ - k
_Zmi 72( k )
— k! k=0
prd (1—2)e
1
T 1—z
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Why hypergeometric function: an

o2 2k
® How do one SOIVeI;)(k> (k)?

ultimate tool
o 1F=1.2.k=k!

® Double factorial

o my2 2k n! \? (2k)! (2k)11 2k (2k — 2)(2k — 4)...2
;(0 (k) _Z(k'(n—k)') (k!)2 L35 ok,
12 2}6 77777 a— .
Z k';lzn— 212E2 2
(n!)?(2k)! 1 — ) .4F
_gm'k'k'k' <2)
B n (nl)z ) (2k;) ) 1 o (n;)z
a ;, (n—k)2 kI 1R1kk) o e
R W 1 5
- g( ,)7( ,)7 (%)”71?1?1@! % _ (n(n Clm—kat 1))2
()R )k 1V 1
=}§) T . (2> 4k . W = (n(n—l)...(n—k+1)) (n(n—l)...(n—k—l—l))
_ i (—n)F(=n)F (§)* 4+ = ((71)k(7n)(7n+ Do(—n+k— 1))
1K1k k! k
P | .((—1) (—n)(=n+1)e(—n—+k— 1))
=3F> | —n, —n, 5; 1,1 4) _ (fn)E(fn)E
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Things we didn’t cover Not in exam

Stirling, Bell, Eulerian, Catalan number

Negative binomial, Gamma function and generalized binomial
Chain, Antichain, Sperner's Theorem

Systems of distinct representatives

Latin Squares

Symmetric group

Burnside's Theorem

Advanced / research level

Analytic Combinatorics

Additive combinatorics

Extremal combinatorics, Ramsey theory
Arithmetic combinatorics
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