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Introduction
» Theme: solve

(P): given A € R™*" b e R™, find © € R™ by solving

. 1
argmin f(x) = §||Am —b|j3.

» 1st-order optimality condition V f(x) = 0 gives

ATAz —A'b = AT(Ax—b) = Az —b = 0cR™.

we denote V f(T) the gradient vector of f in the standard basis in R™ with respect to the variable x

at the point ©

» Solving (P) is the same as solving linear inverse problem: given

» Linear algebra solution: x = A~!b if A~! exists.

A € Rmxn
b ¢ R™

. solve Ax = b.
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This lecture: constrained convex quadratic problem

(P): given A € R™*"™ b € R™, find x € C C R" by solving
1

argmin f(x) = §||A:c —b|3.

» We focus on the following simple convex set C
» C =R" (no constraint), (P) = least squares (LS).
» C =R’ (nonnegative constraint), (P) = Nonnegative LS (NNLS).

» Some other C (not the focus) :
> C={xeR" ‘ lz|l2 < €} (l2-norm constraint).
> C={xeR" ‘ lz|ls < €} (li-norm constraint).

> C={xeR" ‘ lzllo < €} (lo-norm constraint).

v

C={xzeR" ‘ lz|lTv < €} (Total variation constraint).

v

C={z e R" | Cz < d} (polytope constraint).
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Why study (P)

(P): given A € R™*"™ b € R™, find x € C C R" by solving
1

argmin f(x) = §||A:c —b|l3.

1. (P) is easy to understand.
We will look at gradient descent, and the accelerated variants through the lens of (P).

2. (P) is applicable to wide range of situations.
We see (P) when we take 2nd-order Taylor’s approximation of a model.

3. (P) is easy to generalize/modify.
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Facts: basic properties of quadratic problem (P)

> (P) is a convex problem: local minima — global minima
» C is a convex set [assumption]
» cost function f is convex

1 .
> f(x) = inQm —p'xz+c, whereQ=ATA p=ATb, c— b2

» (P) has a unique global minimum x*
» if A full rank [assumption] = Q is positive definite <= Amin(Q) > 0.

» Gradient Vf(z) =Qr —p=ATAz — ATb

» fis L-smooth with L = [|Q|]2 = v/ Amax(Q T Q) = Amax(Q) = omax(A).

» A function g(z) is L-smooth if the gradient Vg is L-Lipschitz : HVg(a) — Vg(b)|| < Llja — b|| Va,b € domg
> Q2 = /Amax (AT 4)2) ¢Amw (ATA) = Amax (AT A) = max(A)
IIVf( Vil = (Qz—p)—(Qy—p)l:2
— Q@)

oni
< IQl2llz — 2.

oni: operator norm inequality || Ax| < ||A||||lx]-
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lterative algorithm to solve (P)

> lterative solver: produce a sequence {x}reny = {®1, T2, ...} such that

f(xry1) < f(x) for all k. (Descent condition)

» How: starting with an initial guess xg, perform the iteration/update

Tht1 = Tr + t - A .
new variable current variable ~ Stepsize direction

until a stopping condition is met.

» Two remarks
1. A is called “direction” but it can have magnitude larger than 1.

, the true "direction” is A||A] ™.

The true “stepsize” is t||A|
2. We focus on algo., but choosing x( also affect the performance of algo. — a topic on its own.
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Stopping condition (not the focus here)

Type order Stop if
Variable change — dist(xg, xr—1) < €
Functional value Oth  f(zg) < €

Successive functional value 0.5th | f (@) — f(wk,1)| < e
Gradient value 1st IVf(xi)ll2 < e
Hessian value 2nd  Amin (ng(:ck)) > e>0

Which one to use and what are their pros & cons will take another hour to explain.

| call successive functional value as “0.5th” order because |f(x)) — f(@xr—1)| resembles ||V f||: by
the fact that f is convex and L-smooth, we have that for 1 = xp — 1V f(xy), its holds

Fl@ier) > fln) + (VF@n), 009 @) + o 6V T (o)l
Hence I
F@ir) = F@)] = (te+ 58) IV @0l
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Gradient descent (GD)
> GD uses A = —Vf(x) so we have zy1 = x) — tV f (k).

» Choices of stepsize t

1. Optimal stepsize / exact line search: temce = argmin f(x + tA).
£>0
Practically the best but can be expensive to compute.

2. Line search stepsize: backtracking / sufficient descent / Armijo Rule / Wolfe condition.
Practically okay and commonly used.

3. Constant stepsize: t is fix.
Practically not the best, but theoretically easier to analyze.

. . . . 1
4. * Constant stepsize using Lipschitz constant: t;, = m

A common choice of stepsize for theorist.

5. Diminishing stepsize: tx+1 =tx -0, 0 < 1, or t, = %
Good for stochastic gradient.
Our focus: 1 and 4.
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GD with optimal stepsize on (P) : argmin f(x) = %a}TQw -p'z
Vi) 'Vi(x) IVf(=@)I3

toat = argminf (2 ~tV/(2)) = Gioiravia ~ VI@E:

Derivation: reading exercise
Og(t
fl@)=1x"Qxz —p'x. To get tgwc = argming(t) = f(x — tV f(x)), set g—;) =0.
t>0

g(t) = %(ZB = tVf(:c))TQ(:c —tVf(z)) —p' (z—tVf(x)), ignore terms without ¢:

9(t) = (-2 QIVf(@) - tVf(@) Qe + 1V f(2) QVS(x)) + tp V()
= 2TQIVf(x) + SV (@) QVf(z) + 1 Vi (a)
WO 2TQVI(w) + 1Y) QY () + pTV/ (@)

= —(Qz—p)'Vf(x)+tVf(z)TQVf(x)
= Vi) TVf(z)+tVf(x) QVf(z).

Finally, agig) =0 = Vf(x)'Vf(x)=tVf(x) QVf(x).




1
GD algo. with tgect on (P) @ argmin f(x) = §:BTQZD —p'x, Q=ATA p=A"b

X
GD update:xpi1 = @« — texact VS(Tk)

IVf ()l

= Tp— e V()
||Vf(fﬂk)H2Q
|Qzx — pl|3

= X — —— 5 Ty —

F Qe — plf, 47 P

Algorithm 1: GD (with tgact) for (P)

Result: A sol. x that approximately solves (P)
1 Initialization Set ) c R*, p=A"b, Q=ATA
2 while stopping condition is not met do
3 | g=Qxz—p
~ lgli3

2
9115

4 T =

5 end
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An example in R?
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Observations

> If the level set of f(x) is circular, GD goes to x* very fast. (In fact, in 1 step)
» When the level set of f(x) is elliptic, GD zigzags (and slow).

Questions
» Why zigzags? Where does this zigzag come from?
» How to deal with it: how to improve GD?
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Remarks on GD with tgact

» GD update with tgxact:

e W@

IVf(@)l%

(Qz —p)" (Qz — p)
- (Qz-p)"Q(Qzx —p)

(Qz —p).

P> The step size is not constant, it depends on x
— hard to analyze.

» The step size contains many vector/matrix-vector/matrix products
— not suitable on problem with big m,n.

» We now consider GD with fixed step size ty,.
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1
GD alg. with fixed t; = 7 on (P) : argmin f(z) =iz'Qz —p'xz, Q=ATA, p=ATb

S I e (Qz_p) = ...
GD update: 7 = =z HQHQVf(m) x Q|2 (QiL‘ p)

we can further simplify this expression, come back to this later.

Algorithm 2: GD for (P)

Result: A solution x that approximately solves (P)
1 Initialization Set xp c R", p=A"Tb, Q= AT A
2 Pre-compute L = ||Q||2
3 while stopping condition is not met do

4 w:w—%(Qw—p).
5 end
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Same example in R?, but with stepsize ¢,
Using t1, has slower convergence, but more applicable to big problem.

s ~ s AT
10— h

10— e

4 o 1 2 3 4 & 4 o 1 2 a 4 5
b g 10 7 N
- o o - S/
. 4 L \ 3 4|7 F SR 3
/ / g
ar/ 3t/
1.0/ \ / W/
/ - - !/
/
/e /
1) ‘ 1f =
° /
o / a
a1 ‘ i - 1 o
2t | / 2 s
\ Ve /_/
a o 5 -a /
- O F s
- P o - 4 C
o o
) ~ N /,\ P * 7 &’@
VJ—G 1] 5 VJ—E 1] 5 VJ—E a 5

Test your understanding: why here t;, is fixed but the distances between consecutive points are
changing? (Answer in p.8) 17/92
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GD is “stupid”

(5]

-1

Figure: the first iteration of GD for the elliptic case.
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Question: Why GD moves along the red line, not the blue line?

4]
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Deeper understanding of GD: Why GD moves along the red line not the blue line?

» Two more questions:

» Where does the expression & = x — tV f(x) “come from”?
» What does the expression € = & — tV f(x) “actually do"?

> Answers :

» It comes from a local quadratic model (denote as F') of f.
» It minimizes that local quadratic model F'.

» GD is stupid because GD is “local”

» GD uses local info. (which is F') to makes local decision — so it follows the red path.

» Blue path is a global decision that needs global info.

» Being a local decision maker, there is no guarantee the decision made by GD will be as good as the global
optimal one.

» GD is a greedy algorithm.

Question: then why GD made such a good move here?
Answer: it just happens when f is “nice”, the local decision made by GD is coincidentally as
good as the global one. ,




The local model F' that GD minimizes

» GD step takes local info & to minimize a local model F' of f

Tpi1 = xp —tVf(xr) = argmin F(x; x).
xT

» Such local model F' :
» Takes x as parameter

» |s a 2nd-order function of @

. 1
» Expression of F(xz;xx) = f(zk) + (@ — mk)TVf(a:k) + ﬁﬂm —x |3

How come: g—i = 0 yields @, — tV f(zx).

» Equivalent expression of F'
2

F(x;zr) = i T — (wk - thf(a:k)>

2

» Note that F'is
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GD makes progress based on the local spherical model

For texact: 7

q.‘?"\ = 5

af > i / &

/
| // /o
1 X 3 // / /
o g S /S
A A
-1 L] 1 2 3 4 5 [} 7

1
For ¢, : a fixed factor E:is used.
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GD zigzaging theorem

Question: why GD zigzags with tgeact?
Answer: in fact this always occurs.

Theorem (reading exercise) Consecutive gradient directions
with {g.act are orthogonal to each other: V f(xgy1) L Vf(xy).

Proof: Vf(zy11) L Vf(xy) means (Vf(wii1), VS(xk)) = 0.

To show this, recall tgact minimizes g(t) = f(xr — tV f(xy)).

Consider @ =0, we have
ot

@ chain rule

at (= V5@,V (w0~ eV f(@e))

*<Vf(i'3k), Vf(ﬂfk+1)>
= 0. O

-

g

18

[
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The problem of gradient descent

When f is not nice: tExact

-1

To improve GD:
1. On dynamic step size tgxact: reduce the zigzag.
2. On fixed step size t7,: "move more” when appropriate.

24 /92



Summary so far
(P) : given A € R™*" b e R™, find x € R™ by solving

1 1
x = argmin f(x) = §||Aa: —b||2 = imTQa} —p'x,

where @ =ATA, p=ATb, L=Q|.

Gradient Descent algorithm & = & — tV f(x)
IV f@)II5 1

r tL:*.

txac O
Bet T V()G L

» GD is a local decision maker.
» GD = minimizing a local quadratic model F' of f at point x.
» When level sets of f is elliptic:

» GD zigzags with tExact -
» GD is slow with ¢r,.
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Acceleration by extrapolation

» We will look at two extrapolation schemes:

» Polyak’s Heavy Ball Method (HBM)
» Nesterov's acceleration

» ldea: add “momentum” to the current iterate.

» Momentum = the “previous history”.

HBM Tupdated T Previous momentum
= Tpq1 + Br(®r —xk-1), Br >0
= Tpp1 — Brte1Vf(Tr-1)

Push @ypdated along —V f(xk_1) for = amount

x = Bptr_1 ||Vf(93k—1)“

» Other momentum (not the focus)

» Adam (a variable metric gradient method)
» Donald G. Anderson acceleration
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Three update schemes

» Normal gradient
8 xp — V()

Move the point xj, in the direction —V f(xy,) for ¢ ||V f(x)|| amount.

» Polyak’s Heavy Ball Method
xr — ' Vf(xy) + Br(Tr — 1)

Perform a GD, move the updated- in the direction of the previous step for Sy ||xx — xx_1|| amount.
> Nesterov's acceleration
xp — .V f(Tr + Be(Tr — Tp—1)) +

Move the not-yet-updated-x in the direction of the previous step for Si||xr — xk—1| amount,
perform a GD on the shifted-x, then
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Algorithm 3: HBM for (P), with step size tgxact

Result: A solution x that approximately solves (P)
Initialization Set o c R, p=A'b, Q=ATA, 3>0
while stopping condition is not met do

g=Qx—p
2
g _
r=x— |22g+/3’(:c—:c )
gl
end

Algorithm 4: HBM for (P), with step size ¢,

Result: A solution x that approximately solves (P)
Initialization Set 0 c R", p=A'b, Q=ATA, 3>0
while stopping condition is not met do

ngw—

2o ot Ae o)

end

Fixed (3 is used here.
When 5 = 0, HBM reduces to GD
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HBM with tgeact

Red: normal gradient. Blue:
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Same example set up, 4 iterations.

HBM with different fixed f.
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3

2/3

v

o ] N o
-2 2 -
-2 ") 2 4 -2 0 2 4 -2 ") 2 4 -2 0 2 4
Observation: for nice f (with spherical level sets), GD is already good enough and HBM adds a

little effect. However, for bad f (with elliptic level sets), HBM is better in some cases.
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HBM with ¢,

Red: normal gradient. Blue: HBM wit

Same example set up, 4 iterations.

12

5

W

h different fixed S.

o
9

-2

) 2 0 2,
Observation: same. If nice

Iv. sets), HBM is better in some cases.
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If f is nice, GD doesn't need acceleration.
If f is nice, GD doesn't need acceleration.
If f is nice, GD doesn't need acceleration.

This is so important so | repeated 3 times.

The message: do not use acceleration blindly, for some problems GD
don’t need acceleration. Using acceleration blindly doesn’t make you
look cool. Knowing when to use it makes you look cool.
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Effect of different 5 on HBM (on elliptic f)
In HBM, we need to guess a good 5. A bad /3 gives bad effect.

GD x5 — thf(CBk) HBM x; — thf(:Ek) + ﬁ(wk —Xp_1)
5 5
4 4
3 3
2 2
1 1
0 o
B El
2 2
-2 2
10° 10°
108
10710
10-10,
10%
L . . . 10718 . . . L
5 10 15 20 25 0 3 40 5 10 15 2 25 30 35 40

Iteration/k Iteration/k 33 / 92



Effect of different 5 on HBM, more iterations
Question: the smaller 3, the better HBM?

Answer: No. f(z) with different 3
100 . . : . . . . . .
-==aD
J —o02
. 01
. - 0.01
S —0.001
10-100 -
10200
1030 . i i . i . i .

50 100 150 200 250 300 350 400 450 500
Iteration/k

Is there a way to find best 57 What about dynamic 87
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Nesterov's acceleration

GD Tpt1 = T — V()
HBM Tpi1 = T — thf(.’Bk) =+ Bk(mk — mk—l)
Nesterov Tp11 =xk — e V(g + Br(xr — xi—1)) + Br(Tr — Tp—1)
Nesterov-2 Y1 = T — LV f (k)
i1 = Yrs1 + Be(Yrs1 — Yr)

» We saw HBM with fixed S.

» Nesterov gave the update scheme with close-form formula for ), (in 1983)

Vot +4ai —a? ar(l — ay
ap € [071]7 Ok+1 = k B k k7 ﬁk:M~
k

Note: Sy is not fix, it is a function of a;. We need to guess a;.

» How to get Nesterov-2 from Nesterov : set x_1 = xo, Y—1 = Yo
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w N

(=]

Algorithm 5: Nesterov's accelerated gradient for (P)

Result: A solution x that approximately solves (P)
Initialization Set zp € R", p=ATb, Q=ATA, a; € (0 1)
while stopping condition is not met do

Compute V f(xy) and step size ¢
Compute a1 = %+ doj - aﬁ’ Br = 7(1];(1 — o)
2 o+ Ok41
Yrr1 = Tk — 1V (k)
Tr1 = Ykr1 + Br(Yrer1 — Yk)
end
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Constrained problem and projected gradient descent

(P) : given A € R™*" b e R™, find zc C C R" by solving

1
x = argmin f(x) = = ||Az — b||3.
xzeC 2

The basic GD becomes Projected GD.
Algorithm 6: PGD for (P), with step size ¢
Result: A solution x € C that approximately solves (P)
Initialization Set g c C
while stopping condition is not met do
Compute V f(x) and step size t
Compute gradient update y = @ — ¢,V f(x)
Compute projection « = Pe(y)
end

S A W N =

Gradient and projection in 1 line: @ = P¢ (:c — thf(w)).
Note: now the distance traveled between consecutive points is not t||V f(z)|| but || — Pe(z — tx V f(x))]].
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Nonnegative least squares

1
P) : given A € R™*" b c R™, find & € R by solving  := argmin f(x) = = || Az — b||3.
& } ERT 2 2
x
i

Algorithm 7: PGD for (P), with step size ¢

Result: A solution @ € R} that approximately solves (P)
Initialization Set g € Ri
while stopping condition is not met do
Compute V f(x) and step size tj
Compute projected gradient update « = [ — ¢,V f(x)]+ = max(z, 0).
end

[

@ s W N

Algorithm 8: Nesterov's accelerated projected gradient for (P)

Result: A solution @ € R} that approximately solves (P)
Initialization Set x9 E R}, p=ATb, Q=ATA a1 € (01)
while stopping condition is not met do

Compute V f(xy) and step size ¢

4 2 2
Vo +dag — ag ap(l — ax)

4 Compute a1 = —————, fr =

+ 2 aﬁ + o1
Yrt1 = [Tk — eV (2r)]+
Tl = Ykt+1 + Be (Y41 — Yr)

N e

w

o o

7 end 39/92




PGD vs Accelerated PG on NNLS

1010

» PGD is monotonic, APGD is not.

NNLS(50,50)

=~
—

= =PGD (constant t)
- - -PGD (exact t)
APGD (constant t)

——APGD (exact t)

—_—
_——
—
——
—_—

5 10 15 20 25

30

Tteration/k

35

40

a5

50

NNLS(50,50)

NNLS(50,50)

= =PGD (constant t)
= = =PGD (exact t)
APGD (constant t)

——APGD (exact t)

107100

107150

10°200

= =PGD (constant t)
= ==PGD (exactt)
APGD (constant t)

——APGD (exact t)

20 40 60 80 100

120 140 160 180 200

Iteration/k

100 200 300 400 500

600 700 800

Iteration/k

Figure: m =n =50, A€ R™ ", * =0, zp € R", a1 = 0.9

» APGD is much faster.

» Choice of step size makes small difference.
» Important: APGD and PGD have a very different convergence rate
» the y-axis is in log-scale.
» the curve of PGD and that of APGD have different slopes.

900 1000
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Other (3, schemes

» Nesterov's parameters looks so complicated

Vo +4ad —af Cap(l— o)
Qg1 = s B = ——
2 ap + agq
» Another Nesterov's parameters
2 2 -1 (1 — ag)
W1 = (1 — app1)og + 67 g, B = P E—
k 9

» Yet another Nesterov's parameters

Ap41 =

14 /1 +4a3 5 Cl-o
9 y Pk — Oék+1'

» Paul Tseng parameter k

» Using conditional number

ﬂk = B = 1_7\/? ! 1 Umax(Q) )‘mai»x(Q
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Different 5 on NNLS
NNLS(100,100)

100 N\ -

1075]
o=
=
=
10-10 = 3
== =pPG(constant t)
— AP(Nesterov para)
~——— AP(Paul Tseng para)
10715} = AP(conditional number)

10 20 30 40 50 60 70 80 90 100
Iteration /k

m=mn=100, A € R™*" x* =0, £y € R", a1 =0.9
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Nesterov's ripple
NNLS(10,10)

1010

1020

107°1 | et PG(coNSaNt 1)

—— AP(Nesterov para)

NNLS(10,10)

X:12
¥Y:1.421e-05
X:25

¥:6.195e-10

SN

X:38
Y:6.137a-14

X: 51

Y:7.76e-18

X: 64
Y:1.007=-21

L\'L\.

\_\ Y: 3.204e-33
L]

\

Y: 1.628e-25

X: 90
Y: 2.4112-20
X:103

L
100 110 120

0 15 20 25 30
Iteration /k

10

45

35 40

20 30 4

L
50 60 70 80 90

Iteration/k

0

m=n=10, A€ R™" o* =0, 2y € R", a1 =0.9

» Function values of GD always go down.
» Function values of APGD sometimes go up.
» APGD exhibits some periodic behavior.
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Acceleration with restarts

» When you run GD xy11 = @, — tV f(xy), you always get f(xir1) < f(xg).
Why :
» GD is the global minimizer of a local approximator F' of f at x.
More technical, see theorem 2 in https://angms.science/doc/CVX/CVX_GD_Convergence.pdf
» GD is a local decision maker, a greedy algorithm.

» We “twist” the Accelerated GD algorithm:

Go back to normal GD when function value 1

m—PG(constant t) m— P G(constant t)
— AP(Nesterov para) — AP(Nesterov para)

Y

Iteration /k Iteration /&
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https://angms.science/doc/CVX/CVX_GD_Convergence.pdf

Acceleration with restarts

=P G(constant t) =P Gjconstant t)

— AP(Nesterov para) — AP(Nesterov para)
T Restart AP here

Ax

Iteration /k Iteration /k

But go back to GD = go back to a slow algorithm!
— Re-run acceleration right after back to GD.
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Effect of restarts on APGD
NNLS(100,100)

T T T T T I T

100 Sm-- oL — -PG(constant t) -
———————————— —AP
—AP +r

1070 iy
S0 .
10730t i

| | | 1 1 1 1 1 1

10 20 30 40 50 60 70 80 20 100 47/92
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Algorithm 9: APGD (using Nesterov's parameter) for (P), no restart

Result: A solution @ that approximately solves (P)
Initialization Set ¢ € R, p = ATb,Q=ATA o € (01)
while stopping condition is not met do

Compute V f(xy ), step size ty

/ 2
at+4("i70‘k ap(l = ay)

Compute g1 5 , Br o Yo
Ypr1 = (@ — eV f(2r)]+
Trt1 = Yk+1 + Bk (Ykt+1 — Yk)

end

Algorithm 10: APGD (using Nesterov's parameter) for (P) with restart

Result: A solution a that approximately solves (P)

Initialization Set ¢y € R?, p=A'b,Q=A"T A, a; € (01)
while stopping condition is not met do

Compute V f(xy ), step size ty,

: 2
\/(xt+4ai—(xk ap(l—ag)

Compute apt1 = » B =

2 o/i + Qg1
Y1 = [®r — eV f(2k)]+
Tri1 = Yrt1 + Be(Yr+1 — Yr)
If error increase do
@1 = [k — tp Vf(xr)]4+ (go back to gradient descent)
Ykt+1 = Tp41, o = ap (reset all parameters)
end if
end
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Algorithm 15: APGD (using Paul Tseng's parameter) for (P) with restart

Result: A solution @ that approximately solves (P)
Initialization Set xp € R?, p=A'b,Q=A"TA k=0
2 while stopping condition is not met do

-

3 Compute V f(xy ), step size ty
(k—Fk)—1

4 Compute B = ——FF——
(k—k)+2

5 Yrt+1 = (@ — tu Vf(2r)]+

6 Tit+1 = Ye+1 + Be(Yr+1 — Yi)

7 If error increase do

8 Trr1 = [@r — tp Vf(xr)]+ (go back to gradient descent)
9

Ykl = Tht1, k=k+k (reset all parameters)
¥ end end if

Algorithm 16: APGD (using Conditional number) for (P) with restart

Result: A solution @ that approximately solves (P)

!

1 Initialization Set =g € R:’;, p= ATb, Q= ATA 8= ﬂ

1+ VK
2 while stopping condition is not met do
3 Compute V f(xy ), step size tj
4 Yet1 = (@ — eV f(2r)]+
5 Tri1 = Yrt1 + B(Yrt1 — Yr)
6 If error increase do
7 Trr1 = [@r — txV f(xr)]+ (go back to gradient descent)
8 Yr+1 = T+ (reset all parameters)
18 end end if
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Comparing all schemes
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Warning: restart is not “always good”
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Summary so far
(P) : given A € R™*", b e R™, find & € C by solving

1 1
x = argmin f(x) = =||[Az — b|3 = 2" Qz —px,
xzeC 2 2

Q=ATA p=ATb L=|Q|s.

Algorithm: Gradient Descent = « — tV f(x)

» Minimizes a local model of f, slow if level sets of f is elliptic.

Acceleration : add momentum Sy (xx — Tk—1)
» HBM xy11 =z — tV f(xk) + Br(Tr — Tr—1)
» Nesterov @11 = @ — tV f(xr + Br(xr — k1)) + Br(Tr — Tp—1)

ai +4ak —a? 1—
> Nesterov's parameter a1 = Vi +daf kB, = M
2 Oék + (077 ER}
k—1 1—VkK
» Other parameters § = ——, = VR
k+2 1+ VK

» Adaptive restarts
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Why the acceleration works?

O

T

Pourquoi I'acceleration fonctionne?
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Convergence rate
Recall the observation : different slope = different convergence rate

10Y —_—— T
10° ""‘"'--—-.—--_..__ T e
107" 10750
10720 107100 -
1030+ |== =PGD (constant t) 10150} | == =PGD (constant t)
== =-PGD (exact t) = = -PGD (exact t)

APGD (constant t) APGD (constant t)

101 | ——APGD (exact t) 102 - | —— APGD (exact t)
ZID 4‘0 E:D B‘D ‘\EPD ‘IéD 'I4IAD ‘IEIrD ‘IéD 200 ‘IE.PD ZEI!D 36D 4[‘!0 5EIPD EEIPD TEDD BEPD 960 1000
Iteration/k Tteration/k

We are going to study the convergence properties of GD.
» For simplicity, consider the model (P) with no constraint.
» The theory applies for general any smooth convex f.
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Convergence condition of GD on (P)
(P) : given A € R™*" b e R™, find € R™ by solving

1 1
@ = argmin f(x) = §\|A:c — b3 = iasTQac —p'x,

where Q = AT A, p= ATb, assumes A is full rank.

Theorem:

If stepsize t;, > O fulfills:
max{‘l - tk,)\max(Q)L |1 — tk/\mln(Q)|} < 1 fOF aII k e N,
the sequence {xy }ren produced by GD iteration

Lp+1 = T — thf(.’Bk)

converges to the minimizer * of (P).

Why: reading exercise in the next three pages.
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Convergence condition of gradient descent ... 1/2

xp — tpV (k)
xp, — tp(Qzy — p) = xf, — L Qxy + tip
(In — teQ)y + tkp
Recall 1st-order optimality condition Vf(z*) =0 so Qz* —p = 0.
1 =  (In — 4Q)xy + 1 Q™
Tpr1 — 2" = (In — 4 Q)xy + Q" —x*
= (In—tpQ)z) + (1 Q — In)z*
= (In—tQ)(xr — %)
lzesr —2ll2 = [[(In — Q) (mr — 2")||2

oni
< |1In — txQll2]|r — x*||2. (oni : operator norm inequality)
Let HIn j )\mm(Q)In j Q j Amax(Q)In j LI,, then
lksr — 2" la < max {|1 — tL|, |1 — tepl ek — @2

f(=) = %wTQw —p'a, Vf(z)=Qx—pand Tpi1

Derivation
pl, = Q < LI,
— —-LI, = -Q = —uln
— —ty LI, = —t,Q = —tgpln
<~ I, —tx LI, = I, —1,Q = I —tpul,
— (1 7tkL)In = I, *th = (1 7tk/‘*)In
= A=t D)nllz2 < |In—tQl2 < (1 —tep)In2
= 1=l [Inllz < |In—tQl2 < |1—tgpl-|Inll2
= N1 —trl] < |In—tQl2 < |1 —tgpl

So ||In — t,Qll2 < max {|1 — t; L, |1 — tpul}. 56 /92



Convergence of gradient descent ... 2/2

o1 — &[]z < max {1 —teLl, |1 — trpl}llzr — 272
< max {|1 -ty L], |1 — tk,u\}<max{|1 — b L )1 =t Mk — :1:*||2)
< (Hmax{|1—tkL|,\1—tkm})Ha:0—:c*Hz.

k

Hence GD converge for (P) if

max {|1 — txL|,[1 — tpp|} <1 VEk. O
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Convergence of GD on (P) with fix stepsize
J@rs —als < ([Tmax{I1 = tLl, |1~ tapl} ) lwo — @
k

k
- (Inax{|1 — L], 1 - t,u|}) o — z*]-.

Case A ki1 — z*||l2 < |1 —tLF||zo — z*||2.
Case B [lzpr1 — @*[|2 < [1—tul*|lzo — 2|2
No matter which case, we need |- | < 1.

Case Al -tL|<1 <= 1—-tL<1 orl—tL>-1

< —tL <0 or —tL>-2
2
<= t>0 ort < —
9 L
<= 0<t< —
L

2
Similarly we get 0 < t < — for case B.
I
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Convergence of GD on (P) for fix ¢
(P) : given full rank A € R™*", b e R™, find € R™ by solving

1 1
x = argmin f(x) = §HA:B —b|5 = §xTQw -p'x,
xr

where Q= ATA, p=A"b, L= Q..

We have « k "
Jsr — @ fla < (max {[1 = ¢L], |1 = tpl}) 1o — 2" 2.

Suppose case A occurs
[@h1 — ||z < [1—tL|"[l@g — 2.

We have

Theorem (Convergence of GD with fixed step size, case A)
For fixed step size

2
O<t< —
<L’

the sequence {xy }ren produced by GD converges to x* of (P).
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1
Convergence of GD on (P) with t = I

k
i1 =@l < (max {1~ L], [1 = tl} ) flzo — 2>

L I F
(max{)lL 1L]}) o — 2|2
k

L
(1 - —) o — *||2, where k = — > 1
K I

Ift =

S
IN

7

[Zrt1 —x"||2

1
» If k=1,1— — =0, and GD converge in 1 step.
K

1
> If Kk =9999, 1 — - = 0.999..., and GD converge very slowly.
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> Ifk=11-

Convergence of GD on (P) with the "best” ¢

The “best” ¢ = — 2
L+p

* 2 k *
i = a7lle < (1= =) llzo — 2"

Why: put t = into max{\lftL|,|17tu|} :

2
L+up

7 ) et | i
max 4 |1 — (11 = max , — — _

L+ul'l" L+p Ltp |'|L+pl) L+p w+1

_K/-‘rl.

Pl 0, and GD converge in 1 step

2
» If Kk =9999, 1 — ) = 0.999..., and GD converge very slow
K

C d with 1 ith 1k'| _ h 1 1
ompared wit tffmt (1—;) Clet kK =2, we ave?vs 3
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Summary on the convergence rate of GD on (P)

Theorem (Convergence condition of GD)
If step size tj; > O satisfies the following condition

max{|1 — tAmax(Q)], |1 — thmm(Qn} <1VkeN,

the sequence {@j }ren produced by GD converges to the minimizer *.

And the theorem with different stepsize ¢ :

1
> Ift=—th
I en
s =2l < (1= =) llzo — 27|l

then

2
> Ift =
L+p

k *
JREEENS

—x*lls < (1=
e 2o < (1- —
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Convergence rate of GD on general smooth f
» Previously we studied the convergence rate of GD on minimizing
1 2
fl@) = 5l Az — bl

That is, we restrict f to be the least squares function.
» Now we consider general f that is smooth and convex.
> We now study the convergence rate of GD on

argmin f(x)
where

» f is convex
» fis L-smooth: the gradient of f is L-Lipschitz

IVf(a) = VF®) < Lla—b].
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A very important inequality for L-smooth f

» If fis L-smooth: the gradient of f is L-Lipschitz
IVf(a) = Vf(®)| < Llla - bl|.

Then

Fly) < f(@) 4 (Vf(@)y —a) + 5y o

» Why and how: see next two pages (reading exercise).
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Proof (1/2)
We show for L > 0, ||V f(x) — Vf(y)|| < L|jz — y|| implies
L
[f() = f(x) = (V@) y —2)| < Sy — =ll2.
Recall from calculus G(b) — G(a) = fj g(0)dh. Next, a smart step, let g(0) as
g(t) =(Vf(x+1(y —x)),y — x) be a function in 7 and df = dr. Consider the definite integral of g(7)
from 0 to 1, let G(b) = f(y) and G(a) = f(x), hence

fw) = f@) = [} (Vf@+rly—a)y-=)dr
= fol Vf(w—l—r(y—:c))—Vf(m)+Vf(m),y—az>d7i

As V f(x) is independent of 7, can take out from the integral
1
@)~ @) = (Vf@.y =)+ [ (V@ +rly—2) - VI(@).y - )

The idea is to create the term (Vf(x),y — x) so that we can move it to the left and get

|f(y) = f(@) = (Vf(z),y —=z)|
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Proof (2/2)

1) — f(z) — (Vf(=),y — )| | 3V f(x+ 7y — =) — Vf(x),y — =) dr]
Jo (Vi@ +ry— =) — Vi(z),y — ) |dr

Lo V@ +7(y —2) = Vi@l lly - z|dr.

SIA I

ING

c.s. means Cauchy — Schwarz inequality.

Now look at ||V f(z + 7(y — x)) — V f(x)||, this is exactly where we can apply the Lipschitz gradient
inequality
IVf(@+7(y —2)) - Vi(@)| < Lir(y —2)|| < Litllly — | = L7y — |

where ||7(y — «)|| = |7||ly — || as norm is non-negative. Note that the integral range is from 0 to 1 so the
absolute sign in 7 can be removed.

Lastly )
1) = 1(@) = (VS@).y )| < [ Lrar- |y - = Fly ol

Remove the absolute value sign gives
L
F) < f@) + (Vf(@).y - 2)+ Sy —«|*. O
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Meaning of L-smoothness: quadratic upper bound

A function f is L-smooth if for any two points ,y € domf,
f@) +(Vf(@)y - )+ 5lly - |3

20 | f
R — =D+ VD — (1) + Sy — (-1
= 10
0 1
—4 9 0 )
y

Interpretation: | is globally bounded above by a quadratic function.
i.e. f cannot be “grow too fast” than the quadratic upper bound.
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Polyak-Lojasiewicz inequality

> A function f: R™ — R that is differentiable (i.e. Vf(x) exists for € dom ) satisfies
Polyak-Lojasiewicz (PL) inequality if there exists a positive scalar ;1 > 0 such that

1
SIV@)I > (i) - 1)
for all z € domf, where f* = f(x*) and «* is a minimizer of f.

> |t means the gradient grows faster than a quadratic function (scaled by a scalar p > 0) as we move
x away from x*.

» Why an inequality with crazy name suddenly jumps out from nowhere: because it is USEFUL!
» Good news: this inequality is true for many many many functions you see in daily life. So you can

assume the f you work with is PL.
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Poof of linear convergence of GD
[ has Llips. grad  f(y) < f(@)+(Vf(@).y )+ ol x|
GD update xr11 = @ — %Vf(mk)

» Put y = @41, © = @ in the first inequality, then plug in the second equation gives the descent lemma

Fl@ren) < f@n) 57 9 (@)
» PL inequality: *%HVf(CEk)HZ < —pu(f(zx) — f*), so

J(@ie1) < @)= 7 (Fl@n) = 1)
» Subtract both side by f*

f@r1) = 7 < flen) — S (floen) = f7) = f7 = (1—%)(f($k)—f*)~

~I=

» Recursion:

F@eer) = 1< (1= 5 (flao) - £7).

~I=
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Remarks

» The proof also applies to optimal stepsize, since

f(@e1) = Hgnf(iﬂk - an(xk)) < f(wk - %Vf(wk))

where the < is by definition of the optimal stepsize.

» Another approach to show the convergence of GD for smooth-f is to impose f is u-strongly convex.
The proof is longer and more complicated.
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The convergence analysis of GD is so hard-core!

Jernelcomprendsipas
o

The convergence analysis of AGD is even more hard-core.
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Convergence rates

» (One of the) Definition:
pi= lim 1@k =7
k—o0 (J;k) — f*

What is it: limit of ratio of successive errors.

» Convergence rate

» p = 1: sublinear convergence rate
» p €]0,1[: linear convergence rate
» p = 0: super-linear convergence rate

» Quadratic convergence rate

for some constant M > 0.

» Other definition: ||z) — *

L IV f (e)]l-
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Convergence rate
Recall the observation : different slope = different convergence rate

ORI ] Ol
10710 10790
1020 1p7100 +
0¥} |== =PGD (constant t) 10150 b | == =PGD (constant t)
- - -PGD (exact t) - = =-PGD (exact t)
APGD (constant t) APGD (constant t)
10 | —— APGD (exact t) 1020 - | —— APGD (exact t)
ZID 40 ElID B‘D 100 ‘IéD 140 160 1éD 200 100 ZEIDD 300 4[‘!0 500 EEIFD TE’D 800 960 1000
Iteration/k teration/k
In general, for GD, the objective function decrease in the order of O(E .

1
But for Accelerated gradient, it drops in the order of O(ﬁ) !

1
And it is optimal: you can never do better than O(ﬁ) if you only use gradient information! ,
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Convergence rate of accelerated gradient is a order higher

2
We have the following rate of GD on solving (P) for the best ¢ = T4
W
1 2\
ok < e e )
i =2l < (1= =) llzo 22

It can be shown, for accelerated gradient (e.g. the heavy ball method), we have

2 k
[Trt1 —2"|l2 < (1 - |20 — =" |2
* VE+1

1
Example: k = 2, we have 3% = 0.3333"% vs 0.1716".

For 4 iterations :
GD :0.33, 0.11, 0.03, 0.01
AGD : 0.17, 0.02, 0.0049, 0.0008
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Let's make it even easier to understand

Original problem :

(P) : given full rank A € R™*", b e R™, find £ € R™ by solving

1 1
@ = argmin f(x) = §\|Aa: - b2 = §a:TQ:c —p'x,
4

where Q= ATA, p=A"b, L= Q..

To make it easier to understand, set b =0

(P’) : given symmetric positive definite Q@ € R™"*™, find € R™ by solving

1
@ = argmin f(x) = inQaz.

Again, let Apax(Q) = L and Apin(Q) = p.
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Nesterov's accelerated gradient on (P')

1
(P') : given sym. p.d.Q € R"*", find x € R" by x := argmin inQa:.
x

. . 1 .
The update steps in Nesterov's AGD with step size t = 7 and fixed

In one line :

1
Yk+1 = Tk — wik Ti+1 = Ye+1 + B(Yk+1 — Yk)

Lh41

-
V ixr

We+1

o
o

T — %Q(wk + B(xr — iﬂkfl)) + B(xk — Tk-1)

(1+ B)xx — ﬂﬂfk—l) - %Q((l + Bz — 5wk—1)
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Nesterov's accelerated gradient method on (P’)

1
Wit1 = (In - ZA> ((1 + Blwy — ﬂ'wkfl)a
“’I[cljrl 1 1 A1 '“’Ecl] 1‘];91]71
: = g - = 1+ | -8 :
w[;l] < [ . 1 L An w[‘"] ,w[TI'-]
k+1 k k—1
That is, we have the decoupled element-wise expression
Ai
w,[ﬂ_l = (1-%) ((1 + ﬁ) 6w[2] )
% A

(1- f><1+ﬁ>w£§ L I

(* Recall AGD reduces to GD if 8 = 0, this expression also applies to GD)
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Second-order dynamical system

A

T )\1 7 .
wil, = (1= )+l (1= J)ufly, i=1,2,..

L
The characteristic equation is

= (- 0- e

The value = * that the equation has repeated roots are

. 1-VA/L N1 AT
ﬁz 1,2 = 1+W (6)_1 )‘1/[’

If B < B* the equation has two distinctive real roots.
If 8> B*, the equation has two complex roots.
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- . i
The characteristic equation r* = (1 — f)(l +B)r—(1- f)ﬁ.

At the value 8%, the equation has repeated roots

LVAIE =1 ATE

Bicip= —— ==, T
YT /L ‘

/L.

> B=p"

» Best 8 0sl]

» Best amount of momentum

» System is critically damped os]-

> B<p 7

» 3 too small
» Not enough momentum
» System is over-damped

> B>

Amplitude

» [ too high azl

» Too much momentum
» System is under-damped
» System is oscillatory

——Critically-damp
——Under-damp
Over-damp

L , . L
0 20 o a0 50

Iteration

The acceleration comes from damping!!
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The periodic ripples is due to g > [5*
When 8 > *, the system is under-damped = the periodic ripples

100 e 10% e ——_ o ___

10710 1050

1020 10710

0¥} == =PGD (constant t) 1010} |== =PGD (constant t)

== -PGD (exact t) - = -PGD (exact t)
APGD (constant t) APGD (constant t)
10T | ——APGD (exact t) 1020 | | —— APGD (exact t)
Z‘D 40 E;D B‘D 100 ‘IéD 140 160 1éD 200 100 ZElD 300 46D 500 EE"D 7l5D 800 BE"D 1000
Iteration /k Iteration /k

In fact we have N k2
w,[;] = c[f] (B(l — f)) cos(kyll — c[;])

where ¢; 5 are some unimportant constants and

i - Aiv1+8 Ai i 5 Amin —
Pl = cos 1<(1_I)T’/5(1_f))%\/; Pl 200 /T

(Detail derivations : take home exercise) 82 /92
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Nesterov's accelerated gradient
» One of the form of Nesterov's accelerated gradient using Paul Tseng’'s parameter!

Tpi1 = Yk — L‘kvfk(yk)
Ykt1 = Tkl T+ m(@“kﬂ — Tp)

o - . 1
» Theorem: if f is convex and L-smooth, picking stepsize t; = I the Nesterov's accelerated
gradient has the convergence rate as
« _ cllzo — x|
xy) — fr< 0 = 1

where ¢ is some (unimportant) constant.

» The accelerated gradient actually associated to an ODE
3

X+ ;X—ka(X) =0,
which we will show it in the coming slides.

IThis is NOT the one proposed by Nesterov in 1983.
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Derive the ODE ... (1/4)

P Accelerated gradient (constant stepsize)
Tht1 = Yu — tVI(Yk), Yrt1 = Trt1 + Br(Trt1 — k)

so Yy = @ + Br—1(xr — TK—_1), put it to the gradient step gives

Tpr1 = Tk + Pr—1(Tk — Tk—1) — tV f(yxr)
= mppi—xr = Broa(xr —xp—1) — tVF(yr).

Why do this: 1) to cancel the y; and 2) get difference terms such as @41 — ®r_1.

» We now have
Tp+1 — Tk Ty — Tp—1
— =Bk

o S = ViV ). (ode1)

Our goal: derive an ODE from (odel).
How: link discrete iteration with continuous time.

T . . . continuous time
» lLet k = — : discrete iteration = —— X so
Vi stepsize

X (1) = X(kVt) mzp, X(1+1-Vi)=X((k+1)VE) =~ ziyi1,

and the “~" becomes “=" if we take lim.
t—0
We also have
mk+17mk~X(T+\/E)7X(T) Ty — Tp_1 NX(T)fX(Tf\/E)
N Vi ' Vi Vi
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Derive the ODE ... (2/4)

P Recall Taylor's series

ou (Az)? 8%u
wloo + 80) =uleo) + Aspr| 4 oy ey A
ok 0X .
Let u = X, zg = 7, Az = 't and U _ % _ X then
ox or

X (zo + Az) = X (1) + VX (1) + %X(‘r) + o(Vt).

Thpi1 — T X (T4 Vt) — X(7) Tt — T . Vit
> So ~ becomes ———— "% = X (7) + — X (1) + o(V/?).
- > - (r) + LXK () + o(vB)
» Similarly, using Taylor's expansion on u(zo — Az) with Az = —/%, we get

X(zo— A) = X (1) — VIX(7) + %X(T) + o(\V1),

soxp—xp_1 ~ X (7)—X (T —/t) and

Vit

Tk — LTk
2

-1 .
7 = X(7) X (7) + o(\/1).
Put them into (odel)

X (r) + LX) + o(VD) = B (X(T) - k() + ow%)) ~ VAV £ ().
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Derive the ODE ... (3/4)

» We have

X(7r) + gjé(r) +o(Vt) = Br_1 (X(r) — gjé(r) + o(\/i)) — VIV f(yr).

Rearrange
g (14 Br-1) X (1) + (1 = Br—1) X () + VEV f(yx) + o(V) = 0.

P> For yi, as @, = Yy in the long run, we can take y, = X (7).

g (14 Bre—1) X(7) + (1 — Be—1) X(7) + VEVF(X (7)) + o(Vt) = 0.
» Hide 7 in X
g (1 +Br—1) X + (1 = Br_1) X + VEVF(X) + o(Vt) = 0.

» What next: time to plug in S.
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Derive the ODE ... (4/4)

> If3 F_th 8 ol ond
= en 1 = an
Tk ts T 2
-
e
kE—1 -3 k32, 3 )ﬁ:li3v€
k+2 k+2 ko T
3 3
Then 1 4 Bi_ 1:27\7[17,6% 1:\7[

g(zf%ﬂ>x+ﬁx+fvfm+o(\f)—0

» Divide the whole equation by v/

(1 - Z—f) X+ %X + VF(X) +o(Vt) = 0.

.. 3 ..
Take lim gives X + —X + Vf(X) = 0.
t—0 T
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Review of the derivation

» Step-1. Nesterov's accelerated gradient gives

Tr4+1 — Tk — B 1wk_117k71 B

i - 7 ViV f (yg).-

> Step-2. Apply Taylor's approximation

% (14 Br-1) X + (1= Br—1) X + VIVF(X) + o(vt) = 0.
or
L4+ Bp-1 4 | 1= Br-1y B
5 X+ 7 X +Vf(X)+o(Vt)=0.

» Step-3. Plugin 8;_1 and take limit ¢ — 0
. 3.
X + ;XJer(X) =0.
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3
About th = —
out the (3 s

» It is instrumental such that taking limit ¢ — 0 will not cancel X or blow up the ODE.

3 .
P Selection of B = 13 is legit because it satisfies
1 _2ﬁk+1 < %
Bit1 B
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Convergence rate using ODE

» ODE

X(T)+§

X (r) +Vf<X(T)> = 0.

» Standard ODE theory gives
1(x) - <o(L)

J
» As ODE <= Nesterov's accelerated gradient, so this (partially) explains

v o Cllzo — 2|
flee) = f SW
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After stories / What is not discussed

» The proof of convergence of AGD for general problem
https://angms.science/doc/CVX/CVX_NAGD.pdf
https://angms.science/doc/CVX/CVX_NAGDalpha.pdf
https://angms.science/doc/CVX/fista_convergence.pdf

» Is AGD really always good?
AGD is not suitable when gradient has noise.
In other words, AGD scarifies robustness for speed.

» Extension to other gradient scheme
Accelerated Stochastic Gradient Descent
Accelerated Primal-Dual Gradient

» Extension to other model
What about min||Ax — bl|:: non-smooth optimization.
x

What about f non-convex: current research topics.

» What actually leads to the acceleration?
ODE, Variational perspective, principle of least action, damped Lagrangian ... in the most recent research
within last 7 years!

C’est bon bon. End of lecture
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